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PREFACE. 



At a time when Geometry is at its zenith, there doubt- 
less appears but little occasion for a publication on the 
Conic Sections ; and I therefore beg to offer the following 
reasons as an apology for my now presenting a Treatise 
on this subject to the public. 

Having devoted the little leisure afforded me by an 
active employment, to the consideration of the Nature and 
Properties of the Radii of Curvature, &c. relative to the 
Conic Sections, I found that the generality* of authors had 
confined themselves to the demonstration of the first prin- 
ciples. 

It appeared to me also, that the Demonstrations of 
Hamilton, T. Newton, Robertson, and others, were too ■ 
abstruse for learners ; and that if a simple Definition of 
the Circle of Curvature were substituted in their place, a 
series of Propositions might be collected and arranged so 
as to render the study of this portion of Geometry more 
pleasing and less laborious. 

In making this collection and arrangement, however, I 
perceived that there would be occasion to refer to more 
than one treatise on the Conic Sections, and I conse- 
quently resolved to select from the before mentioned, and 
a few other authors, some of the most useful properties of 
the Ellipse. 

As any property of the Curve may be assumed as a De- 
finition, I have chosen that which is used by the Rev. T. 
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PREFACE. 



Newton in his excellent little treatise on the Conic Sec- 
tions. 

The Proposition in which the Ellipse is formed by a 
plane cutting a cone, is placed near the commencement, 
(it being the 4th), in order to compare it with that which 
immediately precedes it, and thereby establish the validity 
of the first Definition. 

It here occurred to me, that some observations on the 
Centripetal and Centrifugal forces, in relation to Elliptical 
Orbits, might be usefully introduced, and I accordingly 
selected a few Propositions for their elucidation. 

The utility of the first of Dr. Matthew Stewart’s Tracts 
in reference to the foregoing subjects, together with its 
scarcity, has induced me to republish it at the end of this 
work. 

A variety of useful Propositions may in a similar man- 
ner be deduced ’from the Hyperbola and Parabola. 



Stonehouse, 
near Plymouth. 
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THE 



ELEMENTS OF THE ELLIPSE. 



OF THE ELLIPSE. 

f 



DEFINITIONS. 





!• Ip any point F, be assumed without the Jine LX, and whilst 

the line F P revolves about F, as a center, a point P, moves in it ' • 

in such a manner, that its distance from F, shall always be to 

P L (at right angles to LX) in a given ratio, the curve described 

by the point P, is called an Ellipse, F P being less than P L. 

See Proposition IV‘. ' . 

B . 
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2. Tbe line LX, is called the Directrix. 

3. The pointF, is called the Focus. 

4. Tbe line H I, drawn through the focus perpendicular to the 
directrix, is called the Axis. 

5. The points H and I, where the curve meets the axis, are 
called the Vertices. 

6. The line DFG, drawn through tbe focus parallel to the 
directrix, is called the Principal Parameter, or Latus-rectum. 

7. The tangents TDB, TGk, which are drawn through the 
extremities of the latus-rectum, are called Focal Tangents. 

8. The right line H 1, is called the Transverse Axis, or Axis 
Major. 

9. If the transverse axis be bisected in C, the point C, is called 
the Center. 

10. If K W, which is bisected in C, be drawn perpendicular 
to H I, and C W S =C K 3 =H F X F I ; K W is called the Conjugate 
Axis, or Axis Minor. 

• 11. A right. line PNp, drawn parallel to the tangent A HE, 

or perpendicular to H I, is called an Ordinate to the Axis. 

12. The segments I N, N H, are called Abscissas. 

13. Any line passing through the center, and terminated by 
the curve, is called a Diameter. 

14. The points where the diameter meets the curve, are called 
the Vertices of that diameter. 

15. If a right line be drawn from any point in a diameter pa- 
rallel to the tangent at its vertex and terminated by the curve, it 
is called an Ordinate to that Diameter. 

16. The segments of any diameter, between the ordinates 

and vertices, are called Abscissas. m 

17. A diameter, which is parallel to the tangent at the vertex 
of any diameter, is called a Conjugate Diameter. 

18. A line, which is a third proportional to any diameter and 
its conjugate, is called a Parameter of that Diameter. 
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19. The right line PR, drawn perpendicular to the tangent, 
and intersecting the axis in R, is called a Normal. 

20. The segment N R, is called a Subnormal. 

L ' 



P 

Def. 21. Right lines LPp, LQq, each meeting the section 
in two points, are called Secants; and L, the point of intersec- 
tion, is called the Point of Concourse. 

Corollary 1. (Fig. page \.) 

When the revolving line F P, comes into the position F HT; 
F P, PL, will become F H, H T ; therefore F H : H T : : F P : 
PL. 

• Cor. 2. When FP comes into the position of FD; FP, PL, 
will become F D, F T ; therefore FD:FT::FP:PL. Jlence 
the latus-rectum D G is bisected in F. 

Cor. 3. The Ellipse has two foci and two directrices. For if 
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in H I produced, I f be made equal to H F, and It to H T, and 
Vt v be drawn at right angles to H I, or parallel to LT1, and if 
fP revolve about f, in such manner, that f P, PV, have always 
the same given ratio, as F P, P L ; a curve would be described by 
the point P, similar and equal to" that described by P, by the re- 
volution of the line F P about the focus F. Therefore (Def. 2 
and 3) V t v is another directrix, and f another focus. 

Cor. 4. Since HC=HI(def. 9) and F H=f I (cor. 3), it fol- 
lows that C F=C f, and C T=C t. 

Cor. 5. CF+CI=Cf+CH=Hf=IF. 

Cor. 6. IFx H F=H fxfI=C K S ;=C W* (def. 10). 

Proposition I. 

* • • 

If T E I), T A d be focal tangents and a right line be drawn 
from any point P to the focus F, and the perpendicular R G P, 
meeting the tangent in R. Then PF=?RG. 







Digitized by Google 



5 



• • 



For the triangles TGR, T F D are similar. 

Then G R : G T i: FD: FT :: FP : GT (cor. 2. def.) 

Hence PF=RG. 

Gor. If H E be dravfln parallel to the directrix, then H F= 

H E. This is plain from the proposition. 

Pftop. II. 

If from A where EH meets the tangent Td, a straight line be 
drawn through A and F, it will meet the tangent T D some- 
where in B. 

Produce F A to X. Then, because the triangles F H A, F T X 
are similar, and FH=H A (cor. prop. 1.) FT=TX; but FD is 
less than F T (def. I.) Ther. FD is less than TX, consequently 
the lines T D, X F must meet when produced. 

Cor. 1. If AF meet RG -in M, then FG=GM. Because 
the triangles F G M, F H A are similar, and F H=H A ; FG= 
GM. 

Con. 2. When R coincides with B, then RG=BI=FI; but 
F P will become equal to F I (Prop. I.) Therefore the curve will 
meet the axis in I. • # , 

. Prop. III. s 

The rectangle under the abscissae, is to the square of the semi- 
ordinate to.the axis, as the square of the transverse axis is to 
the square of the conjugate axis. * 

Draw A N parallel to H I ; then on account of the parallels, 
EH A, RG r, BIk, RM : EA :: B M : B A : : QN : A N 
:: G I : HI; and Mr : Bk :: AM : AB :: AQ : AN :« 
HG : HI. Therefore RMxMr : EAxBk :: GIxHG : HI S ; 
but (5.2.e) RM X Mr + MG S = RG S =FP and MG S = FG* 
(cor. 1. prop. 2.) ther. RMxMr-f-FG'sFP; ther. R M x 
M r=P G». A E=2 H F ; B k=2 F I ; and (per def. 10.) H F 
xFI=CW J ; hence by substitution PG* : 4CW S : : HGxGI 
: HI*; that is, HGxGI :PG*: : HP:KW a . 

Cor. 1. Because H I and K W, are bisected in C ; H G X G I > * 
P G* : : C I s : C K* 
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Cob. 2. The axis being constant ; P G* varies as H G X G I. 

Cob. 3. As the property is the same for the ordinates on both 
sides of the axis, at equal distances from the center, or from the 
vertices, the ordinates on both sides are equal ; or tie double 
ordinates are bisected by the axis. 



Prop. IV. • 
A 




If a cone ABD be cut through its two sides by a plane H W. 
P IK, the section will be an Ellipse. 

Bisect HI in C, and let a section M W N K be drawn 
through C parallel to the base, and also another section EP 
LV parallel to MWNK; then will these sections be circles; 
hence, E V X V L=VP a , and M C X C N=C W s . Draw H Q, R I 
parallel to M N or E L ; 

Then by similar triangles, HC : CM :: HV : VE; and 
IC :CN :: IV : VL 

Therefore HCxC I : CMxCN:;HVx VI : VExVL. 

That is C I* : C W s : : HVx VI : VP* ; which is the property 
of the Ellipse by Prop. 3. Hence, according to Def. 1, the 
Ellipse is a conic section. 



# 



t 
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Prop. V. 

The latus-rectum is a third proportional to the transverse 
and conjugate axes. 




A 



For H C s : CK> :: HFxFI : FD 3 (Cor. 1. Prop. III.) 

But HFxFI = CK 3 (def.IO.) ther. HC 3 : CK» :: CK 3 ; 
FD^ 

OrHC : CK :: CK: FD. 



Cor. 1. HG x GI t.GP 3 :: HI : latus-rectum. 

For HI: KW::KW;Dd; 6rHI:KW 3 ::l : Dd; ther. 
H I* : KW* :: HI : Dd :: HG xGI : PG 3 . 



Cor. 2. If I W be joined, and \V B and I A, be drawn at right 
angles thereto, intersecting the axes in B and A, then C B will 
represent the semi -parameter of the transverse axis, andCA, 
the semi-parameter of the conjugate axis. For from the nature 

C W* 

of the right-angled triangles BIW and AIW; CB= - - 

iv 1 * 



r i* 

and C A = — 



\ 



* 
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Prop. VI. 

A line drawn from either of the foci to the extremity of the 
conjugate axis, is equal to the semi-transverse axis. 

By Cor. 1. Prop. III. C H* : CW 2 : : HC 2 -CF 2 : FD*,andby 
Prop. V. CH 1 : C W s : : CW* : FD ! . Ther. HC 2 -CF 2 :FD ! 

: : C W* : F D* ; ther. HC 3 — CF 2 =CW* ; FW 8 -CF # =CW S , 1 
Ther. HC ! -CP=FW J — CP; ther. HC=FW. 

Prop. VII. 

If a circle H R I be described on the transverse axis H I, and 
G P an ordinate be produced to R, it will be as GR : GP :: 

C I : C K. 



By a property of the circle H G X G I = GR’. And by Cor. 1 . 
Prop. III. HGXGI : GPiiCI* : CK*; ther. GR’ : GP* :: 
Cl* : CK*. that is, GR : GP : : C I : C K. 

Cor. Draw any other ordinate g p, and produce it to r. 
Then because C I and C K are constant, G R : G P : : g r : g p. 

Prop. VHL 

All the diameters are bisected in the center. • 

Draw PC to the center C, and make CNs=CG, also draw 
N Q parallel to P G, which produce to meet the curve in Q, and 



* 




Digitized by Google 




9 



join C Q. Then because C N =C G ; Q N=P G (Cor. 3. Prop. III.) 
and the angles at G and N are right angles, the triangles CNQ, 
C G P are equal. Tber. C Q=C P ; and the angles N C Q, G C P 
being equal, P C Q is a straight line bisected in C. 

Prop. IX. 

If H I be the transverse, and CW the semi-conjugate axis, C 
the center, F f the foci, and L T, V t the directrices ; then 
H I : T t : : H F : H T. 



W 




ForFH : H T : : F I : IT (def. 1.) 

Ther. FH + FI : HT + IT :: HF:HT. 

That is, HI: Tt :: H F : H T. 

Cob. 1. Since Tt and HI are bisected in C; C H : CT : : . 
HF: HT. 

Cob. 2. CF: CH :: HF : HT. 

For FI: IT::FH : HT : : fl : HT; ther. Fl-fl : IT- 
HT :: fl : HT. 

That is, Ff: HI :: fl : HT; or CF : C H : : HF : HT. 

Cob. 3. CF : CH :: CH : CT. 

For HI:Tt::HF:HT; or CH : CT :: HF : HT; ther. 
by cor. 2. CF : C H : : C H : CT. 

Cob. 4. Since C F x (C F+F T)=C H 3 =C F ! +CW S (Prop. VI.) 
or, CP+CFxFT=CP+CW a ; it follows CFxFT=CW*. 

Prop. X. 

If from any points in the curve, two right lines be drawn to 
the foci, their sum is equal to the transverse axis. 

c 
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Let H 1 be the transverse axis, and F, f, the foci, and T L, 1 1, 
the directrices; from any point P, draw PF, Pf, and through P, 
draw L P 1 parallel to H I ; then will L 1 be equal to T t. 

By def. 1. and cor. 2 and 3. prop. IX. PF:PL::CF:CH: 
CH:CT::2CH:2CT::HI:Tt. But as PF : Pf P L 
: PI; we have PF+Pf : PF :: PL + P1 : PL; thatis, PF + 
Pf : Tt : : PF : PL; 

Tber. HI:Tt::PF+Pf:Tt; consequently P F+P f= H I. 

Prop. XI. 

If from any point P in the curve, P F, P f be drawn to the foci; 
the line P M, bisecting the angle f P A, will touch the curve in 
the point P. 




Produce F P to A, so that P A equal P f, and let a point X be 
takqn in the line P M, and draw X F, X f, X A, and also f A 
meeting PM in M. Then because in the triangles PMf, PM A; 
Pf=P A and PM common to both, and the angles MPA, MPf 
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equal ; M f=M A, and the angles at M right angles ; therefore 
X f=X A ; but X F 4- X A are greater than F A, that is, than 
FP-f-PF or HI (Prop. X.), therefore the point X is not in the 
curve, and consequently the line P M touches the curve in the 
point P. 

Cor. 1. If from any point P in the curve two right lines be 
drawn to the foci, they will make equal angles with the curve, or 
with the tangent drawn through the point P. 

For the z.APM=FPX, ther. the Z.fPM=FPX, 

Cor. 2. If from the focus f, fM be drawn at right angles to 
the tangent P M, and intersect F P produced in A, then F A 
will be equal to the transverse axis HI. For PA=Pf, and 
(Prop. X.)FP + Pf=FP + PA = FA=HI. 

Prop. XII. 

* 

The tangents at the vertices of any diameter are parallel. 




foci, and C the center. Draw the tangents P T, Q S ; F P, P f, 
fQ and QF. Then because FC=Cf (cor. 4. def.) and CP= 
C Q (Prop. VIII.) also the Z. PC f=F C Q, and /. F C P=f C Q, 
it follows that F P is equal and parallel to Q f,‘ and F Q. equal 
and parallel to P f ; ther. F P f Q is a parallelogram, hence tha 
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i FPft=FQf. and the hakes of their supplements will be equal 
(Cor. Prop. XI.) that is, the Z. F P T= f Q S, to which add the 
equal angles FPQ, fftP, and the i. QPT=PQS; therefore 
P T is parallel to Q S. 

Cob. If tangents be drawn at R and V, the vertices of any 
other diameter R C V, and produced to meet the tangents P T 
and Q.S, a parallelogram will be formed circumscribing the 
Ellipse. 

Prop. XIII. 

If a right line P p, which cuts the curve in P, p, meet the di- 
rectrix in V, and a right line V FT be drawn through the focus, 
andFP, Fp joined; then the Z.PFV= ApFT. 




Draw p T parallel to P F to meet v F in T ; and draw P Q, p q 
perpendicular to the directrix. Then the triangles V P Q, V p q 
aresimilar; as are also the triangles VFP, VTp. And F P : PQ 
: : F p : p q (def. 1.) OrFP:Fp::PQ:pq::PV:pV:: 
P F : p T, ther. p T=p F; and the angle p F T=p T F, which is 
equal toPF V (by construction). 

Prop. XIV. 

If two right lines Pp, Q q intersect each other in L, and meet 
the directrix in V, v; then P Lx Lp and Q Lx Lq will be in a 
constant ratio to each other, wherever L, the point of concourse 
be taken. • 
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Let F be the nearest focus to the directrix V v ; join V F and 
•produce it, also join F P, F p ; draw P E, L X perpendicular to V 

the directrix; draw LT parallel to PF, and Lt parallel pF 
meeting V F in T and t. 

PF V = pFT (Prop. XIII.) ther. z. LTt=LtT; hence 
LT=Lt. From the center L, and distance LT or Ll, describe 
a circle, cutting V Pp, in M and m ; join F L, and produce it to 
meet the circle in D and d. The triangles V P E and V LX are 
similar, as are also the triangles VPF, VLT. Ther. LT s 
PF:: LV : PV:: LX : PE; that is, LT : LX : : FP : PE, 

pp 

a given ratio (Prop. I.) Ther. LT = — x LX; hence LT 

r xL 

varies as L X. Because L T is parallel to P F, and L t to p F ; 

LP : TF :: LV: TV, and pL:Ft :: LV: tV. Ther. 

LPxLp: FTxFt:: LV S : VTxVt. But FTxFt=FDx 
Fd; and V Tx Vt=V m x V M=V L'-M L*, ther. by substi- 
tution, LPxLp : FDxFd :: V L s : V L'-ML', But L V : 
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LT(LM) :: PV: PF, and LV* : LM a :: PV a : PP; ther. 
by division LV a : LV S — LM a : : PV a : PV*— PP : : LPxLp: 
FDxFd. Per trig. PV : PE : : Rad. : Sin. V. whence PV a = 

p pa • p 

- — - — -(radius 1.) = — — ther. by sub. for PV a , we have 
Sin. a iV' »* ’ 

PLxLp:DFxFd::^|l : - PF a : : PE a : PE a -s a X 

r s a s a 

PP::1: Xs a :: 1 : l-v a s a . That is, PLxLp: 

FDxFd:: 1: l-v a s a (v a =^; and s a =sin. a L VX.) In 

the same manner it may be proved that, QLxLq:FDxFd:: 

op 

1:1 — x sin. a L v X. That is, QLxLq:FDxFd :• 

1 : 1 — v a r a ; (by joining Q.F, drawing Qe perpendicular to VX, 
and putting r a = sin. a LvX.) 

Hence P LxLp : QLxLq :: 1 — v a r a : 1 — v a s a . 

Cor. 1. If any other two right lines Rr, Z z, intersect each 
other in 1, (either within or without the curve), being respec- 
tively parallel to P p, Q q, their rectangles will be in the same 
given ratio, that is, PLxLp:QLxLq::Rlxlr:Zlxlz. 




For the parallel lines make the angles at N and n with the 
directrix respectively equal to the angles at V and v. 
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Cor. 2. If the right lines Rr, Zz, which are respectively pa- 
rallel to P p, Q q ; intersect each other in the center C. Then 
PL X Lp : QLxLq :: CR 1 : C Z*. Because R r, Z z ; make 
the same angles with the directrix, asPp, Q,q, and are each 
bisected in the center (Prop. VIII.) the corollary is manifest. 




Con. 3. If the lines P p, Q.q, move parallel to themselves until 
they touch the curve in R and Z, and meet ini; then P L X L p : 
Q L X Lq : : RP : Z 1*. For when P p touches the curve, P, and 
p will coincide in R, and PL=Rl=pl; ther. PLxLp=RP. 
In like manner, QLxL q=Z 1*. 




Cor. 4. If two right lines meeting each other, be respectively 
parallel to two diameters, according to their both touching, or 
both cutting, or one of them touching and the other cutting the 
curve, the squares of the segments of the tangents, or the rect- 
angles under the segments of the secants, will be in a, constant 
ratio to each other, wherever the point of concourse be taken. 
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SCHOLIUM. 



L 




If four secants, intersecting each other, are respectively pa- 
rallel to two semi-diameters; then P Lx L p : QLxLq : : CR* 
: C Z s 




T Z 



If two of the lines be secants and two tangents, then P L X L p 
: QLxLq :: LM ! : LV a : : C R J : CZ a . 
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If one, of the lines is a secant and three tangents, then d m s : 
dv* :: LM S : LQxLq :: C,R S : CZ«; 1 M* : lv* :: LM> : LQ 
X L q : : C R’ ; C Z\ Ther. dm:dv::lM:lv. 




If the four lines be tangents, and touch the curve in M, V, 
m, v ; then, dm : dv::lM:lv::LM:LV::nm:nV:: 
C R : C Z. 




• If the straight line L M be so divided in Q and q that L Qx 
L q=M qXMQ; or LQxG M=M q X q L ; then L Q=M q. 



i 1_ h 

l a n 



-+■ 

SI 



M 



First, bisect L M in N. 

Then (5.2.E.) L Q X ftM+Q N 5 =L N J =M q x q L+q N 5 . 

d 



Digitized by Google 




18 



But L QxQM=M q XqL ; ther. QN 2 =q N* ; thatis,QN= 
Nq. Ther. LN-aN=MN-q5I=LQ=Mq. 

Secondly, bisect ftq in N; then (6. 2. E.) Lq X LQ-|-Q N 2 = 
L N 2 , and MQxM q-f-q N ! = M N' ; but LQxLq=MqX 
M Q, and Q N 2 =N q 2 ; ther. LN ! =N M s ; that is, LN=NM. 
Hence LN-QN=M N-q N=L Q=M q. 

Prop. XV. 

All right lines drawn parallel to any diameter, and which are 
terminated by the curve, are bisected by the conjugate .dia- 
meter. 




Let RC V be any diameter, and P C Z its conjugate; through 
the vertices R, V, draw the tangents R L, V M ; and through 
any point N in P Z, draw L N M parallel to R V, meeting the 
curve in Q. and q, and the tangents in L and M. .On account 
of the parallel lines, R L=V M, and L,N=N M ; and (Cor. 4. 
Prop. XIV.) RL> : MV 8 : r'LQxLq : MQxMq; ther. Lft 
xLq=MQxMq; hence by the Lemma, LQ=Mq; ther. 
LN-LQ=MN-Mq=QN=Nq. 

Prop. XVI. 

If PCZ be any diameter, RCV its conjugate, and QN 
semi-ordinate. Then PNxNZ : QN 2 C Z* : C V 2 .. 

For (by Cor. 4. Prop. XIV.) P N x N Z : Q N X N q (=Q N 8 ) 
: : C Z 2 : C V s . 

Coa. 1. Since PNxNZ: ON 2 : : C Z 8 : C V 2 : : C Z : 

C Li 

::2CZ:^-~; ther. PNxNZ : QN 2 :: PZ : Param.ofPZ 
(def.lS.). 
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Cor. 2. C Z and C V being constant, P N X N Z will vary as 
Q N s . . 

Prop. XVII. 

If GT be a tangent at any point Q, and meet the diameter 
V R in T ; and G N be a semi-ordinate, then C N : € R : : C R 
:.CT. 




Draw the tangents RM, VL to meet the tangent QT in M and L. 

Then (Cor. 4. Prop. XIV. and the parallel lines RM, NG 
and VL) MG : GL : : M R : LV : : RT : VT : : RN : NV; 
by division, VT— RT: RT :: NV — RN : RN; that is, R V : 
RT:: NC+CR-RN: RN. 

Or, RV : RT :: 2NC : RN; or, C R : RT : : NC : RN ; 
by composition, CR+RT : CR:: CN-j-NRe CN. 

That is, CT:CR::CR:CN; or, CN:CR::CR:CT. 

Cob. 1. RN : NC : : TN : NV. 

For CN : CV ::CV :CT; by composition, C N+C V : C N 
:: CV + CT : CV. 

That is, N V : N C : : VT : VC ; or, CN:CR:NV:VT; 
by division, CR— CN : CN:: VT— VN :VN; 

That is, RN:NC::TN:NV. 

Cob. 2. TR: TN :: TC : TV. 

For CT:CR::CR:CN; by division, CT-CR:CT:: 
C R — C N : C R. 

That is, T R : CT : : RN : C R; by composition, TR-f R N : 
TR :: CT+CR : CT. 

Or, TN:TR::VT:TC; TR : TN :: TC : TV. 
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Prop. XVIII. 

If a circle ZLP be described on the diameter PZ, and NL 
be drawn perpendicular thereto, and N Cl an ordinate to the 
Curve ; then, NL:NQ::CZ:CR. 




For, by Prop.XVI. PN X NZ : NQ‘ :: CZ* : CR*. And, 
by a property of the circle, PNxN Z=N L 1 ; ther. N L* : N Q. 5 
: : C Z* : C R* ; that is, N L : N Q : : C Z : C R. 

Cor. C Z and C R being constant, C L will vary as N Q. 

Prop. XIX. 

If two Ellipses ZLPV, ZQPR, be described on the same 
diameter P Z, and the ordinates NL, NQ be drawn, and the 
semi-diameters QV> CR parallel to these ordinates be also 
drawn, then NL: Nft ;; C V :CR. 

L 
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By Prop. XVI. PNxNZ:NL ! ::CP:CV>. 

And, PNxNZ:NQ*::CP:CR ! . 

Therefore, N L a : C V s : : N Q s : C R a . 

That is, N L : N Q : : C V : C R. 

Prop. XX. 

IfZLVP, ZQRP be two Ellipses, having a common dia- 
meter, P Z ; N L, NQ ordinates thereto, and C V, C R semi- 
diameters parallel to these ordinates ; tangents drawn at L and 
Q will intersect each other in T, a point in the diameter PZ, 
produced. 




Since PZ is a common diameter to both curves, and the ordi- 
nates are drawn from the same point N, and by Prop. XVII. 
CN : C Z : : C Z : C T; then T L, T Cl are tangents at the 
points L and Q. 

Cor. 1 . If a circle Z LP, and an ellipse ZQP have a common 
diameter P Z and a common abscissa Z N ; tangents at the ex- 
tremities of the ordinates N L, N Q will meet each other in T, 
a point in the diameter PZ, produced. Draw LT a tangent to 
the circle and join T ft, and C L ; tlien because the triangle* 
C LT and C N L are similar, CN:CL::CL:CT. Or, C N : 
C Z : : C Z : C T. Therefore T Q touches the ellipse in Q. 
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Cor. 2. If one of the curves be a circle and the other an 
ellipse having the ordinates N L, N 0. as in fig. to Prop. XVIII. 
tangents at L and Q, will meet each other in T, for the same 
reason as in Cor. 1. 

Prop. XXI. 

Draw through the extremities of any diameter RV, two tan- 
gents to meet any other tangent Q M, in the points L, M ; and 
let C P be conjugate to R V and C r parallel to L M. 

Then R M X V L=C P* ; and MQxQL=Cr s . 




Case 1. Draw the ordinates UN, GIG; by Prop. XII. RM 
and VL are parallel, and by Prop. XVII. CN xCT = CV* 
Therefore CT»-CN xCT = (CT-CN) xCT=NTxCT. 
And C T* — C V s = RTxVT ; ther. RTx VT= NT xCT; 
Hence RT : TN :: CT : VT :: CE : : V L (sim. triangles). 
But RT:NT::RM:Nfi. Ther. RM:NQ ::CE:VL, 
ther. RMxV L=CExNQ=CExCG=CF (Prop. XVII.) 
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Case 2. Because (Cor. 4. Prop. XIV.) MR : M ft : : L V : 
L ft ; it will be M R 3 . : M R x L V : : M ft 3 : M ft x L ft ; by 
substitution, MR 1 : CP :: Mft ! : MftxLft; but (Cor. 4. 
Prop. XIV.) M R 3 : M ft 3 : : C P 3 : C r 3 : ther. C P 3 : C r* : : CP* 
••MftxLft; ther. MftxLft=Cr*. 

• * Prop. XXII. 

If a tangent at any point ft, meet the transverse and conju- 
gate diameters C V, C P.in T and E, and C r be drawn parallel 
to TM, then EQ X QT = Cr 3 . 

Draw the ordinate ft N,' and through the vertices of the dia- 
meter R V,- draw the tangents R M, V L, which (Prop. XII.) are 
parallel to each other, as well as to the ordinate N ft; by Cor. 1. 
Prop. XVII. CNxNT=RNxNV. Ther. CN : NV :: RN: 
NT::Eft:ftL::Mft:ftT (sim. triang.) Hence E ft x ft T 
=Lft.xQM=Cr 3 , (Prop. XXI.) 

Prop. XXIII. 

Draw through, the extremities of the transverse axis HI, two 
tangents to meet any other tangent P M in the points E, B ; 
then a circle described about E B as a diameter will pass through 
the foci F, f. 




K 

Let CK be the semi-conjugate axis, and join fB, fE, fP and 
F P, which last produce to A, and join f A which will intersect 
EB in M. Then (Def. 10. and Prop. XXI.) HfxfI=HEx 
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I B=C K a . Ther. HE:Hf::If:IB. These lines are about 
the equal angles at H and I ; therefore the triangles H E f, 1 B f 
are equiangular, and the angles Bfl, fEH equal ; bul BfI-{- 
IBf=BfI4-Ef H=a right angle, therefore BfE is a right 
angle, and consequently the point f is in the circumference of 
the circle described about B E. In like manner it may be shewn 
that the other focus F is in the circumference of the same circle. 
Prop. XXIV* 

If PF, Pf, be drawn from any point P in the curve to the 
foci, and C r parallel to the tangent E P B, then PF X P f=C r s . 

Draw the tangents HE, IB; then (Prop. XXIII.) a circle de- 
scribed about the diameter E B will pass through the foci. 
Draw from either focus as f, the perpendicular f M to E B, and 
let it meet FP in A ; and because the angles fPM, A PM are 
equal (Prop. XI.) and P M common ; f M =M A ; and P f=eP A ; 
therefore because the diameter E B of the circle bisects f A, and 
is perpendicular to it, and the point f is in the circumference, 
the point A will be in the same ; therefore by a property of the 
circle F P X P A=F P X P f=E P x P B=C r* (Prop. XXI.) 

Prop. XXV. 

If from the foci F, f; FL, fM be drawn perpendicular to the 
tangent P M, a circle' described about the transverse'axis, will 
pass through the points L, M, where the perpendiculars meet 
the tangent. 
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Let HI be the transverse axis and C the center and join fP, 
FP ; let the perpendicular fM meet FP in A, and join CM. 
Because (Prop. XI.) the angles f PM, AP M are equal and P M 
common, fP=PA andthence, FA=HI (Prop. X.) ButfM 
=MA; and likewise fC=C F (Cor. 4. Def.) ther. F A and CM 
are parallel, and thence C M=balf F A=half H I. Therefore 
M is in the circumference of the circle described about H I ; 
and in like manner the point L will be in the same circum- 
ference. 

Cor. If the diameter R C V be parallel to the tangent P M, it 
will cut off from PF the segment PE, equal to half the trans- 
verse axis. 

For C M P E is a parallelogram, ther. P E=C M=half H I. 



Prop. XXVI. 

If the perpendiculars F L, f M be drawn from the foci F, f, to 
the tangent P M, then will F L X f M =C K*. 

Let H I be the transverse and C K the semiconjugate axis, and 
C the center. Join C M, C L, and let C M meet F L in N. Be- 
cause F N, f M are parallel, the triangles C f M, C F N are equi- 
angular, and because CF=Cf (Cor. 4. Def.)'; CM=CN, and 
F N=fM, CM=CL=CN; the point N, is therefore in the 
circumference of the circle described about the transverse axis 
H I as a diameter. Hence by a property of the circle F L X F N 
=FLxfM=HFxFI=CK* (Def. 10.) 

Coa. 1. FL’s^^xCK*. For the triangles FPL, fPM 
are similar, ther. FP:FL::fP:fM, orFPx f M=F L x f P, 
or FPxfMxFL = FL*xfP. ther.FL* =|-| xfMxFLss 
F P 

7F * CK ’ 

F P 

Cor. 2. C K* being constant ; F L* will vary as 



a 
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Prop. XXVII. 

Let H I be the transverse and C W the semi-conjugate axis, 
C the center, and PT a tangent at P ; let P D and C G be per- 
pendiculars to the tangent. Then P d x C G=C W*. 




Draw P E, P ft perpendicular to the axes, and let C W meet 
P T in R ; then QC = PEj and on account of the parallel 
lines, the right-angled triangles C G R and PED are similar, 
and CG:CR::PE:PD, ther. CGxPD = CRxPE = CR 
XCG=C W 3 (Prop. XVII.) 

Prop. XXVIII. 

If PE be an ordinate to the transvene axis, and P D perpen- 
dicular to the tangent at P, and F, f, the foci ; then H I : latus- 
rectum : : C E : E D. 



W 




ForCE: ED : : C ExET : EDxET; but CExET=IE 
X EH (Cor. 1. Prop. XVII.) And because DPT is a right 
angle, EDxET=EF, therefore C E : E D : : IExEH : EP 
; : HI : latus -rectum. (Cor. 1. Prop. V.) 
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Cor. 1. C E : E D : : C H* : CW*. For CE : ED :: HI: 
KW 1 

-gy:: H I s : K W* : : C H ! : C W*. 

Cor. 3. C E : C D : : C H ! : C F*. For C E- ED : C E : : 
CH'-CW> : CH’ :: C F s : C H* ; that is, CE : C D : : C H* 
:CF*. 

Cor. 8. Produce P D to cut the conjugate axis WK in R, 
draw the ordinate P ft and join C P. Then ft R : ftC : : C H* : 
CW'. 

For by sim. triangles ftR:QP::PE:ED; or ft R : Q C : : 
CE:ED::CH>;CW> (Cor. 1.) 

Cor. 4. Tang. ED P : Tang. EC P : : C I* : CK S . 

For EC : E D : : Tang. E PC : Tang. EPD : : Cotang. EPD 
: Cotang. EP C : : Tang. EDP : Tang. EC P. That is, EC : ED 
: : Tang. EDP: Tang. ECP::CI>:CK*. 



Prop. XXIX. 



If a right line DE be drawn from the point D, where the 
normal meets the transverse axis, perpendicular to the distance 
PF, between the point of contact and focus, it will cut off the 
segment P E equal to half the latus-rectum. 




Draw C G perpendicular to P T and C M parallel to P F, and 
let C K be the conjugate semi-axis ; then on account of the pa- 
rallel lines, the right angled triangles C G M, D E P are equian- 
gular, and CM : CG : : DP : PE, ther. CMxPE=CGxDP 
= C K* (Prop. XXVII.) But (Cor. Prop. XXV.) CM=CI, 
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ther. C I X P E=C K* ; or, C I : C K : : C K : P E=half the latus- 
rectum. (Def. 18.) 



Prop. XXX. 

If H I be the transverse axis, C the center, Q. Z any diameter, 
and M N parallel to it, drawn through the focus F ; then H I X 
M N=QZ*. 




Draw the diameter C G conjugate to Q Z, which will bisect 
M N in V. (Prop. XV.) Draw M R an ordinate to Q Z and the 
tangent M T meeting Q Z in T. Because C T is parallel to F M, 
CT is equal to Cl (Cor. Prop. XXV.) and C TxC R=CQ*. 
(Prop. XVII.) Ther. Cl xVM = CQ', or 2CI x 2VM = 
4CG s ; that is, HIxMN=GZ>. 

Cor. 1. If m n be any other right line drawn through the 
focus F, and the diameter q z parallel thereto, then M N : m n : : 
Cft> :C q*. For H I x m n = C q s (by the Prop.). But H I is 
given, therefore, M N : m n : : C Q 5 : C q*. 

Cor. 2. MF’xFN : mFxFn ::MN : mn. 

For (Cor. 4. Prop. XIV.) MFxFN :mFxFn::CQ‘:Cq ! , 
but (Cor. 1.) M N : m n : : C Q’ : C q*. 

Therefore MFxFN : mFxFn MN : m n. 



Cor. 8. pjf + p latus-rectum 

FN:MF+FN::HFxFI: HI.* 



For (Cor. 2.) MFx 
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Ther. 

+ J- 

T FM 



MF + FN HI HI 

MFxFN “HFxFI _ CK* (C ° r- 6 ‘ = 

= latus^ctum * C K the ^-conjugate. 



1 

FN 



Prop. XXXI. 

If H I be the transverse and C R C K the semi-conjugate axis, 
F, f, the foci, F B drawn perpendicular to the tangent P T, FP 
joined and Cr drawn parallel to P T, then F B : FP :: CK : Cr. 




Draw fT perpendicular to PT and join fP; because the 
angles fPT, FPB are equal (Cor. Prop. XI.) the right angled 
triangles fTP, FBP are similar, and FB : FP : : fT : fP, or, 
F B* : F B X f T : : FP* : FPxfP, that is, FB« : FP» : : CK* : 
C r*. (Prop. XXIV. and XXVI.) Ther. F B : F P : : C K : C r. 

Cob. 1. If from the center C, C G be drawn perpendicular to 
the tangent P T, then C G x C r=C 1 x C K. For draw C T pa- 
rallel to FP, then (Cor. Prop. XXV.) CT=Pt=C I, and the 
triangles G C T, B F P similar ; ther. CG:CT::FB: FP:: 
CK:Cr; that is, CG:CI::CK:Cr; or, CGxC r=C I X 
CK. 

Cob. 2. If a parallelogram A B D E be formed by drawing tan- 
gents through the vertices of any two conjugate diameters PQ, 
S V, it will be equal to the rectangle under the axes. 



Digitized by Google 



30 



A 




Let C be the center, H I, K W the axes, and R V, P G the con- 
jugate diameters; the tangents drawn through the vertices PV 
Q R will form a parallelogram. (Cor. Prop. XII.) Let the tan- 
gents drawn through P and V meet at B ; P C V B will then be 
a fourth part of the parallelogram A B D E ; draw C T perpendi- 
cular to A B or R V, then (Cor. 1.) C T x C V =C I X C K ; that is, 
the parallelogram P C V B=C I K M ; ther. ABDE=GLMN. 

Cor. 3. The inscribed parallelogram G R P V is half the cir- 
cumscribed parallelogram A B D E. 




By drawing the diagonals A D, B E, it will plainly appear that 
G R P V is a parallelogram, and that the parallelogram P v C b is 
ha(f the parallelogram P C V B, whence the Cor. is evident. 
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Prop. XXXII. 

If HI be the transverse, KW the conjugate axis, and C the 
center, and if the difference between C I and C K be set from a 
point R in the conjugate to meet the transverse in D, and R D 
produced to P, so that D P be equal to C K, the point P will be 
in the ellipse. 




Draw P E an ordinate to the transverse axis, and C G parallel 
to R D to meet E P in G ; because C R, P G are parallel, C G is 
equal to R P : that is (by construction) to C I ; therefore the 
point G is in the circumference of a circle described about HI; 
and because the triangles PED, GEC are similar, PE* : GE* 
PD*: G C* ; that is, P E* : H ExE I : : C K* : C I* ; therefore 
the point P is in the ellipse (Prop. XVI.) 

Cor. If two right lines H I, K W bisect each other at right 
angles in the point C, and R D=C I— C K, and D P=C K ; and 
the line R D be moved through four right angles, so that the 
point R be always in K W, and D in HI, the point P will de- 
scribe an ellipse whose transverse axis is H I, and whose conju- 
gate is K W. 

Hence the construction of the elliptical compass, or trammel is 
evident. 

Prop. XXXIII. 

If C P, C V be two conjugate diameters, C the center, and the 
ordinates P E, V G be drawn to a third diameter H I, 

Then H G X G I=C E* ; and H E X E I=C G*. 



< 
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R 




For draw the tangent P T meeting CW in R, then because 
PT is parallel toCV and PE to V G, the triangles PET, 
V G C are equiangular ; and therefore RP:PT::CE:ET. 
Or, RPxPT : CE X ET :: PT* : ET» :: CV* : CG ! ; but 
(Prop. XXII.) RPxPT = CV», therefore C E X E T = C G*= 
HExEI (Cor.l. Prop. XVII.) = CI‘-CE*. AndCI*-CG* 
— HGxG I=C I s -C I*+C E S =C E*. 

Co*. 1. C E’+C G*=C I*. For C E*+C G 3 =H G x G I+HE 
xEI=CI s , EI’-CG 2 +C I ! -CE ! ; ther. CE*+CG*=CI*. 

Cor. 2. EP 5 + G V’=C W*. For by drawing the ordinate* 
P e, V g ; C e*+C g«=E P*+G V*=C W*. 

Prop. XXXIV. 

The sum of the squares of any two conjugate diameters is 
equal to the sum of the squares of the axis. 




Let C I, C W be the semi-axes, and C P, C V two conjugate 
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semi-diameters, and let P E, V G be perpendicular to C I, and 
P e, V g perpendicular to C W. Then (Cor. I and 2. Prop. 
XXXIII.) CI 3 =C E 3 -f-CG 3 , and C W 3 = Ce s +Cg 5 =PE 3 -f 
V G 3 ; therefore C 1 3 +C W 3 =C E 3 +C G 3 -f P E 3 -f-V G 3 =C P 3 + 
C V 3 (47. 1 . E.) Ther. H I 3 + K W 3 = P Q 3 + V R 3 . 

Prop. XXXV. 

The nearer the diameters are to the transverse axis, the greater 
they are ; and the more remote, the less they are. The conju- 
gate axis is the least of all the diameters ; and any two diameters, 
which make equal angles with either axis, are equal. 




Describe a circle on the transverse axis H I, and let the ordi- 
nate G R be produced to meet the circumference of the circle in 
M. Then (Prop. VII.) MG* : RG« :: CL 1 : CW», therefore 
M G’-RG* : MG 3 :: CL 3 — C W 3 : CL 3 ; but CM 3 -CG 3 = 
M G 3 and CR 3 — CG 3 =RG 3 ; ther. M G 3 — R G 3 =C M 3 — C R 3 
= Cl 3 — C R 3 . Ther. C I 3 — CR* : MG 3 : : C I 3 — C W 3 : C I 3 ; 

( C W 3 \ 

-£-jr ~ 1 ) X M G 3 . Ther. if the 

line M R G move from H to C, C R will decrease while M G in- 
C W 3 

creases, (for the quantity - 1 is negative) and - when M G 

becomes LC or C I, then C R 3 =C W 3 ; or, C R=C W, when it 
will be the least. 

r 
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Secondly. Let R C V be any diameter, and R G Q an ordinate 
to either axis, and join C Q. Then G R being equal to G Q, 
and C G common to the two right angled triangles CGR.CGH, 
the triangles are equal ; then C Q=C R, and the angle QC G= 
RCG. 

Cor. Hence if the semi-diameters C R, CQ be equal, and 
the angle RCQ bisected by the line C H, the position of the 
axis will be determined. 

Prop. XXXVI. 

The two diameters which bisect the right lines joining the 
Vertices of the axes, are equal and conjugate diameters. 




R 



Let H I, K W be the axes ; join IW.WH, and dray the dia- 
meters PQ, RV, bisecting the lines IW, WH, in E and N. 
Because IW.WH are bisected by the diameters P Q, R V, they 
are ordinates to these diameters. (Prop. XV.) And because H 1 
is bisected in C, and IW in E, CE is parallel to HW; therefore 
PQ, RV are conjugate diameters ; and the angle IC W being fc 
right angle, it will be in a semicircle, of which I W is the dia- 
meter, and E the center ; therefore E I will be equal to E C, and 
the angle EC I equal to the angle EIC, which is equal to the 
alternate angle IC V; and therefore the diameters PQ, RV are 
equal. (Prop. XXXV.) 
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Prop. XXXVII. 

Given the semi-transverse and conjugate diameters C H, C K, 
and the angles PD H, PCH, to find the semi-diameter CP, 
the ordinates P Q, P E, the normals P D, PR, and C D. 




To find the Semidiameter C P. 

By Prop. III. C H 8 — C E* : P E 8 : : C H 8 : C K*. 

And per trig. P E 8 : C E 8 ; : tang. 8 E C P : Radius. 

Therefore - - C H 8 - C E 8 : C E s : : t 8 X C H‘ : C K 8 . 

Or CH 8 :CE 8 ::t 8 CH 8 +CK 8 :CK 8 . 

Pertrig.--- CE 8 : c 8 : : CP 8 : 1. 

Therefore - - C H 8 : c 8 : : C P 8 (t 8 - C H 8 +C K 8 ) : C K 8 . 

„ C H* x C K 8 CHxCK 

Hence Ct"= 1 ... , ,, v, r — — - — : 

c (C K 8 -f t 8 - C H 8 ) cv'CK«-H 8 .CH» 

c = cos. and t = tang. E C P. 



To find the Ordinate P ft as C E. 

Put C H 8 =m 8 , C K 8 =n 8 Tang. EDP=T, Tang. EC P=x. 
Then by Cor. 4. Prop. XXVIII. Tang. EDP : Tang. ECP 
: : C H 8 : C K*. 

n* 

That is, T : x : : m 8 : n 8 .-. — X T 8 = x 8 . 

m* 

Per trig. Sec. ECP: Rad. : : C P : C E. 

That is, 1 +x 8 : 1 : : C P* : C E 8 C E* = -r~r — XCP*. 

1 1+x 8 
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But C P* : 



nr n 1 



c*(n* + x 5 rn 2 ) 



; (c = cos. E C P). 



m' n- 



Ther. CE S _ - n » + x *n>* ; (1+I ^ C * 



m J n a 



rad.* by substituting for x*, we have CE’ = T*li* = 

Ther. CE = PQ = - 






CH* 



m*n*+h 4- m*+T*n* " VCH* + T*.CK*' 

To find the Normal P R. 

Per trig. Sin. P R Q, : P Q : : Rad. : P R. 

Or, C:PQ:: 1 :PR=~ = — C - H * F (C = 

C C </C H*+’l*. CtJ.’ . v 

cos. ED P). 

. To find the Normal P D. 

By Cor. 1. Prop. XXVIII. we have EC : ED : : C H* : OK*. 
C E* x C K 4 n 4 

Ther. ED» = — x CE ’« and P er trig. C*: 



ED* :: I :PD* = 



ED* 



C*(m*+T*n’) 



P D = 



C* ~C*m 4 ’ 
CK* 



x CE* = 



m 4 



C*tn 4 m*+T*n*' 



Cv^C H* + T*-CK* 



To find the Ordinate P E. 

Per trig. Rad. : PD:: Sin. EDP : PE.-. PE* = Sin.* EDP 
= PD*. 

That is, P E* = ^ 



S*-n 4 



T*n 4 



C*(m* + T*n*) “ m* + T*n* ~ ^ ^ m» 



n* 4-'T*m* 
Ther. PE = 



CK* 

V^CK’+T.Cff 



; (S=sin. aod.'T=cot. EDP). 
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To find the Distance C D. 

By Cor. 1. Prop. XXVIII. we have EC : ED : : C H 3 : C K 3 . 

Ther. EC-ED: EC :: CH 3 -CK 3 : CH ! .-.CD = ^-| 

Cri* 



(C H 3 — C K 3 ). 
That is, C D = 



C H 3 — C K 3 
v/C H 3 — T 3 . CK 3 ' 



Prop. XXXVIII. 

If the ellipse be nearly a circle, to find the variation of C P. 



m‘ n' 



By Prop. XXXVII. CP 3 = ■ ; 

c 3 (n 3 -j-t 3 m 3 ) 



m 2 n 3 



c 3 n* 4 - s 3 m* 

m 3 n 3 _ m 3 n 3 m* n 3 

(1— 8 3 )n 3 + s 3 m 3 n 3 — n s s 3 +ra*s 3 n 3 + (m 3 — n 3 )s* 

•m 3 n 3 m*n 3 

n 3 -}-2n(in— n)s 3 near ^’ 



n 3 + (m -j-n) (m — n)s ! 

_9 .1 

nearly, 



{n + (ra-n)s s | J 

Therefore C P = — — m n — — nearly. > 

# n + (m — n)s 3 

C P 

From hence m-CP = — - (m — n)s 3 =(tn — n)s 3 nearly, 
n 

And by substituting 1 — c 3 for s 3 we have CP — n = (m — n)c 3 
nearly; and by restoring the values of m, n, s and c, we obtain, 
C H— C P=(C H — C K) xSin. 3 EC P 7 But CH-CK is 
C P-CK=(CH-CK)xCos. 3 ECPI given, therefore 
QH— CP is as Sin. 3 ECP; and CP— CK is as Cos. 3 ECP 
nearly. 

Cob. Since CP-C K : C H-C P : : cos. 3 EC P : sin 3 ECP 
sin ® 

:: 1 : — ^ECP:: 1 : tang. 3 ECP (rad.=l). 

C08. 



cp- 



Sm n' 



Vn J +(m J -n j y p (np-ipy neM,ly ’ *nJ+(m + o)(m-n>< 
3n 



t m n 1 



ftp 3 + *n - (m - n>‘ n + (m - n)* 1 



, as befors. 



» 
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It appears that the difference between C P and C K is greater 
than the difference between C H and C P, whilst the angle EC P 
is less than 43 degrees. 

At 45 degrees the differences are equal. 

And above 45 degrees, the former difference is lets than the 

latt * r ” CH+CK 

At 45% CP— CK=CH — CP.-.CP= J . 



Prop. XXXIX. 

If on the transverse diameter H I, a semicircle H E I be de- 
scribed, and the ordinate G R drawn and produced to cut the 
circle in M, and C R, C M joined, it is required to find the 
angle R C M. 




Put gm, the tang. GCM=T j Rad =1 

And gr, the tang. GCR=t 3 B 



Then (Prop. VII.) GM 

CWxT. 

T. t .. t cl - ’ 



: GR :: CL :.‘CW; gm : gr : : 

, i C W x T\ 

and per tng. |T ^ — | ~ 



w 



CW-TM (CI-CW)xT 

)= ci+cw ^ =itang - RCM - 



Cl 



Or 



To find when the Angle RC M will be a Maximum. 
T 1 



CI + CWT* 



= max. = 



C ^ + CW'T 



, hence we have to 



C I 

find — +C W*T=max. In order to which we must find when 
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the sum of the tangent and co-tangent of any angle will be the 
least possible, or T +i := = (1 +T>) X i = -i- X 

1 I • COS.* 



1 



‘ Sin. x Cos. G C M = m ' n - Therefore T + t is Ae least ’ when 
the sin. x Cos. is the greatest, that is, when the Sin.=Cos., or 
the angle G C M forty -five degrees, in which case T=l, therefore 



the tang. =' 'cotang. Hence ^ = C WxT, ther. T 3 = . 

A v W 

= tang. CWI, (by joining I W), and by substitution we hare 

CI + CW^ = ffr lfcW * v/CIxCW= tang. RC M 
when a maximum. 

• • 

If the ellipse do not differ much from a circle, (as is the case 

with our earth) the tang. R C M would be very nearly equal to 

Cl— CW WL diflf. of semi-diam. , ^ 

— — — — a vf ~r — when a maximum. Or 

z 1 . 1 HI- transverse axis 

Cl— CW WL 

by making T=I, we obtain tang. ^ ^ ^ = cT+CW = TIT 
nearly. 



Cl 



Prop. XL. 



Let the figure in the margin be similar to that of Prop. 
XXX IX, and draw the normal RD, it is required to find the 
angle D R C, the difference between G R C and G R D. 



L 




Per Cor. 4. Prop. XXVIIL we have G C : G D : : tang. G R C 
: tang. G R D s : C 1* : C W 3 . Ther. tang. G R C x C W 3 =tang. 
GRDxCI*. Put tang. GRC=X, and tang. GRD=Y; their 
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xr CP - . , .. I CP „ V U,,CI»- Y*\ 

X = CWi xY ‘ An d pe r tng.(— x Y - Y )^( 1 + w -) 

(C P — C W*) x Y „ 

= tang. DRC _ ^ | C P- Y* * — Y — 

fW> CW* 

—— X tang. GRC = ^jr X cotang. GCR. But (Prop. 
XXXVIII.) cot. GCR =i = ~ x y (T= tang. G C M). 



Therefore Y = 



CW* 



Cl 



1 



CP x CW x T “ Cl 
and by substituting for Y and Y* we have tang. DRC = 
CW 1 



CW 



1 

x r . 



(CP-CW*) x 



C I 



x T 



/ C \V 1 

CW'+CPx|^ x f ] 



CP-CW* T CP-CW* 
C I xCVf X 1 +T* — CIxCW 



X Sin. X Cos. G C M. 

Therefore the tang. DRC varies as Sin. x Cos. G C M, and 
will be a maximum when Sin. and Cos. G C M are equal, or 
GC M 45 degrees, or when T=l. According to which, 

r w l c w 

The tang. G R D= Y= %T * y = ^cT = ^ C 1 W ’ 
And tang. G R C=X= ^ x Y = ~ = tang. CW!, 



. CW Cl 

But "cT x cw 



: ] . Therefore the angles GRC, G R D, 
are complements to each other, and I W parallel to C R, when 
the angle DRC is greatest. And by substituting for T, in the 
CP-CW* T 



equation tang. DRCc x , we have tang. 

CP-CW* 

DRC “2ClxCW ' 

That is, 2 C I X C W : (C I+C W) (C I-C W) : : Rad. : Tang. 
DRC. 

If the ellipse be nearly a circle, then 2 C I or 2 C W, would be 

„„ CI-CW 

nearly equal t# C I+C. W, in which case, tang. DRC = — 

y_ 1 very nearly when the angle D R C is a maximum. 

£HI 



I 
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Hence the angle DRC when greatest may be thus found : 

Join I W, draw CR parallel thereto, and draw the normal RD; 
the angle DRC thus found will be the greatest. 

W I 

By Prop. XXXIX. tang. RCM = -■;■■■ - , and by this Prop. 

It I ' . 

W L »* . •- • 

tang. RDC = — — , nearly, in the case of a maximum. Hence 
4 HI 

tang. RCM=i tang. DRC. 



Prop. XLI. 

Let HC and C W be the semi-axes, TL the directrix, C the 
center, F the focus, and R any point in the curve. 

Then F R i 



half latus-rectum 



C F 

1 — t— - x cos. R F G 

C rl 




w 



Draw the ordinate R G, then per trig. Rad. : F R : : cos. R F G 
: F G=F R X C(C=cos. R FG) and (Cor. 2. Prop. IX.) E R ; R L 
:: CF : CH. But RL=GF+FT, ther. FR : GF+FT : : CF 
: CH, and FRxCH=CFxFG+CFxFT=CFxFG+CW> 
(Cor. 4. Prop. IX.) that is, FRxC H = C W a + CFxFR x C, 
therefore FRxCH-FRxCFxC = CW', or (CH-CFxC) 



XFR = CW< .-. FR = 



CW 1 



CW 1 



CH-CFxC CH 



, CF „ 
'-CH*' 



half latus-rectum. 

1 _ JJxcos.RFG .’ 

CH 

If rF make an obtuse angle rFC, then FrxC H=C W* — 

CFxFrxC . 1 

. , „ . half latus-rectum 

And thence, Fr — 

‘ HgjjX cos. r F g 
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Note to Prop. XLI. 



If C H =f| 
C W =c 
ZLCFR=z 
CF =w 



Then F R = ■ 



CW> 



1 






CH-C FxC 1— w cos. z 
Ic* = (by division) c 2 (l + w cos. z + w* cos . 2 z + 
f w* cos . 3 z+&c.) By trig, cos . 2 z =■ 4+4 cos. 2 z, 
| cos . 3 z=J cos. z +4 cos. 3 z, and (Prop. VI.) c 2 = 
1 —w 2 , therefore by substitution we have 
F R = c s (l +4 w 2 +w cos. z+4 w 3 cos. z+ 4 w 2 cos. 2 z +4 w 3 cos. 
3 z) ' * 

= (1 — w 2 ) | 1+4 w 2 +(w+|w 3 ) cos. z +4 w 2 cos. 2 z + 4 w 3 
cos. 3z. | 



= 1 — 4 w 2 — 4 w< + (w — 4 w 3 — f w 3 ) cos. z + (4 w * — 4 w4 ) 
cos. 2 z + (4 w 3 — 4 w 4 ) cos. 3 z. 

By omitting the terms affected with w* and w 4 , 

FR=1 — 4 w*+(w— 4w 3 )cos. z+4 w 2 cos. 2 z+4 W 3 cos. 3z. 

If the eccentricity CF be very small, then c 2 =l — w 2 =l, 
nearly ; and therefore all the terms connected with w 2 , w 3 , &c. 
may be neglected ; then F R=1 +w X cos. z, and F R— 1 =w X 
cos. z ; hence the variation of F R is nearly in proportion to • 
cos. C F R. 



Prop. XLII, 



On. the transverse axis HI describe a semicircle H M I,- and 
draw the ordinate RG, which produce to M ; join MC, and 
draw R F, R f to the foci. . 

Then F R=C H — CFxcos. MCH. 



M 




By Euclid, Book ii. Prop. 13. FR 2 =Ff 2 +fR 2 -2FfxfG. 
Ther. fR 2 — FR 2 =2FfxfG— Ff 2 . 

ButfR 3 — FR 2 =(fR+FR) (fR-FR)=2HCx(CH-FR)2. 
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AndSfFxfG— Ff' = (2fG-Ff) x Ff = (2fG-2CF) x 
2CF=2CG5<2CF. 

Ther. 2 H C x (C H — F R) x 2=2 C G X 2 C F ; or, CMx(CH 
-FR)=CFxCG... 

Per trig. G C=C M x cos. GCM, ther. C H— F R=C T x cos. 
GCM, and FR=CH — CFxcos. HCM. Ther.Rf=CH + 
CFxcos. MCH. 



And by Prop. XLI. - - Rf = x 

C H 



1 



1 



~ x cos. RfH 
C H 



Cor. 1. The sin. RfH : sin. MCH :: CW : fR. 

. For, Rad. : Rf :: sin.RfG : RG=Rfxsin. RfG. 



And, CI:CW::GM:RG = 



C W 



Cl 



x GM. 



But, Rad. : C M :: sin. GCM :GM=CI xsin.GCM. 

c w 

Ther ‘"cT * CIXsin.MCH=Rfxsin. RfH. 
Whence sin. RfH : sin. MCH :: CW ; fR. 
CF+CHxcos. MCH 



Cor. 2. Cos. RfH = 



Cos. MCH = 



C H+C F X cos. MCH’ 
CHxcos. RfH— CF 



and 



CH-CF xcos.RfH 
For by equating the expressions for Rf. Prop. XLI. 
XLII. ' 



C H+C F X ces. MCH = 



CW*=C H*-CF 



CH-CFxcos. RFH’ fr ° m 
whence the values of cos. RfH, and cos. MCH, as slated in this 
corollary. 

MCH 



Cor. 3. As sin 



RfH 

2 



sin. • 



2 



vn : vor. 



PutCH - - - =m 

CF =n 

Cos. MCH=C 
Cos. RfH =c 



) Then 1 


fc= n+mC ) 


> Per - 


1 m+nCf 


\ Cor. 2. | 


_ m c — n £ 


< m-ncj 



[ per Emer. 
;• page 12. 



c . RfH '1— c ff n+mC\ ’ jn+nC— n — mC 

Sm - A'- 
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= -C) = x ^HF = gin MCH x /HF 

V 2 R f V • 2 Rf 2 n /‘K7 

„ i ' . RfH ■ MCH,. /HF . 

2 2 /Rf 

: /Rf : : /fT : /flL 

Cor. 4. F I : C W : : Tang. — : Tang. ?£5. 

2 2 



RfH 



= v*EI 

i i _ • 



Per trig. ib. Tang. g j , 

j _ c _ j _ n-f-m C _ m -j-'nC- n — m C _ (m— n) X (1 — C) _ 
m+nC~ m-fnC m+n C ' , 

HFX(I-C) 

Rf ’ 

j_j j n+mC _m+nC+n+mC _ (m+n) (1+C) _ 

m+n C • * m+nC m+n C — 

IF x (1+C) 

Rf 

1-c HFx(l-C) . IFx(I+C) 1-C , HF 1-C 
1+c - Rf - . Rf “ 1+C X IF “ l+C X 



HFxIF 



IP 



1-C CW’ 
1+C X FI* * 



Tber. JE* = Tang. = Tang. x ^ 

V 1+c 6 2 6 2 FI ’ 

_ , CW _ MCH RfH 

Ther. 1 : • : : F I : C W : : Tang. — - — - Tang. — — - . 

r 1 . 2 ~ - 2 

„ . „ MCH . a, RfH 

Cor. 5. /I F : /F H ! : Tang. — - — : • Tang. ___ . 

c , yV-c .l-c /hf; 

For (Cor. 4.) ✓ npj = » ^/TP" 



Ther. 1 : 



■/HF 

/IF' 



/IF : /HF : : / 



1-C 



1+c ■ ^l+c “ 



1-c 



To „„ MCH T RfH 
Tang. — — : Tang. — . 



Cor.,6. If a=CH, ae=CF, and c=cos. RFI. 
Then, FR : f R : : 1-e* : l-2ec+e*. 
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„ , „ „ TT __ CW*=CH’-CP a’— a* e* 

for by Prop. XLI. FR= CH _ CFxc = = 



a— aec 



(1— e J ) Xa 



• 1— ec 

1— p* . 2 — 2ec— 1-4-e 9 

And Rf=2 C H — F Rc=2a— r-*-— - Xa = „ - ^ X 

I — ec 1 — ec 

l-2ec + e s 



xa . 



1— ec 
F R 1 — e 2 

7E = rE ; rR : : 1 - e ’ : 1 - 2 "+ e ’- 



Definition 22. 

A spheroid is a solid conceived to be generated by the revolu- 
tion of an ellipse about one of its axes, and is denominated either 
prolate or oblate, according to the revolution being made about 
the transverse or conjugate axis. 

Prop XLIII. 

* • a 

If a spheroid be cut by a plane in any position, except one 
perpendicular to the fixed axis, thp section will be an ellipse. 




Let N M I be the generating section, or a section «f the sphe- 
roid through its axis HI, and perpendicular to the proposed 
section MFN; their common intersection being M N-; through 
the intersection E, draw P E D perpendicular to H I, and erect 
*• E F perpendicular to the plane NMI, and meeting the perpen- . 
dicular .plane in F. , Then (Scholium to Prop. XIV,) we have • 
M Ex E N : PE x ED :: CR*:C W*. But, by Definition 22, 
the points PFDwiUbe in the circumference of a circle whose 




46 

diameter is P D, so that P E x E D=E P ; hence M E X E 3JT : 
EP : : C R s : C W 5 (a constant ratio). Therefore (Prop. XVI.) 
M F N is an ellipse. 

Prop. XLIV. 

If I K H W be a section of an dblate spheroid through the 
transverse diameter I H, Which is at right angles to the plane of 
the ellipse P s Z t, formed by a plane passing through the com- 
mon section P Z, required the transverse and conjugate diame- 
' ters s t and P Z. 



K 




section P t Z s and v the center of P Z, through which draw g v q 
parallel to HI, and C S parallel to P Z ; also demit the perpen- 
diculars Pr, Pn, and produce PZ to meet KW in m. It ap- 
pears from Definition 22, that q g is a diameter of a circle whose 
circumference passes through the four points q g s t, and there- 
fore q v x v g=v s X v t=(v s) 2 =(v t) a . 

Put CH’sm’, CK’=n ! , s=sin. c=cos. and l=tang. of the , 
angle PXH = ICS. The? (Cor. 1. Prop. XXVIII.) we have 
Cr :rX::CH* :'CK* .vCr-rX : Cr::<5H‘-CK* : CH*. 



/ 



Digitized by Google 




47 



But (Prop. XXXVII.) Pn = Cr = 



CH* 



PX = 



CK» 



cVCH’ + t’-CK* ca 



andCS: 



\/C H 2 -f t 2 - CK> a 
. CHxCK mu 



c\/CK 2 +t 2 CH 2 cb 



By substituting for C r in the value of C X, we have C X = -; 



and IXxXH=CH ! -CX , =m ! — 



d». 

a* ' 



By Scholium to Prop. XIV. 

PXxXZ : IXxXH :: PvxvZ : qvXvg :: CS* ;CH'. 

n 2 d 2 m 2 n* 

That i ! ,-xXZ:m 1 -l::(Pv)*: (v s) 2 : : *“ - : m 2 , 
.ca a 2 b 2 c 2 



n 



a 2 m 3 — d 2 



Ther. P v : v s : : t— :1 : : n : be .\ — xXZ = 

be ac a* 

Ther. XZ = a? And PX+X Z=P Z=2 P v. 



b 3 c ! 



that is, 1 

ac acb- 



acb 2 

am 2 — d 2 n 2 b 2 -}- a 2 m 2 — d 2 



But 2 P v = 



acb 2 

2 n x v s n 2 b 2 a 2 m 3 — d 2 



be 



acb 2 



= P Z = 2 P v. 

. 2 v s = s t = 



n 2 b 2 + a 2 m 2 — d 2 
a b n 

The latus-rectum (L) of the axis P Z may be thus found, P Z 

n 2 b 2 + a 2 m s — d 2 /D ... 

: st : : st : L = z — ; — X c (Prop. V.) 



By restoring the values of a, b, and d, we have 
n 2 b 2 +a 2 m 2 - d 2 = n 2 (n 2 +t* m 2 ) -|- m 2 (m 2 +t 2 n 2 ) - (m 2 -n 2 ) 2 

= n 4 +m 3 n 2 t 2 -|-m 4 +in 2 n 2 t 2 — m 4 -f-2 m 2 n 2 — n 4 

• n* 

= 2m 2 n 2 t 2 +2m 3 n 2 =(l+t 3 )x2m 2 n 2 = — — . 

2 m 3 n 2 2 m* n 2 2 m 2 n 

From hence PZ = Tgr? ; * ‘ “ 7b ' 



, , ■ 2 m 2 n 2 X c • 2m*. 

And - - - - L = r-r- 7=- » or thus, 

arc’ a c 
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C H 2 x C K 

Semi-axis vs = v / (C ( ls+t s. CK >) ^/(CK'+t*- CH*) X SeC- ’ PXH ' 



Semi-axis vP = 



CH» x CK S 



(C K s +t 1 - C H^lv'fC H’+t 5 ' C K*) 
CH 1 



Half the latus-rectum of P Z = 



.^(C H a -H s - C K») 



X Sec. 5 PXH. 
X Sec. PXH 



= Pm (Prop. XXXVII.) = Rad. cur. at the vortex Pof the 
section P t z s (Prop. VI. Cor. 2. cur.) * 



Prop. XLV. 

If the diameter hp be drawn through the centers C, and V, 

C H X C v 

(fig. to Prop. XLIV.) the semi-diameter C h = —r =~. — ~ • 

VCH J -(vs)* 

C h-J-C v=v p, C h-Cv=v h ; and per scholium. Prop. XIV. 
vhxvp : vgxvq : : Ch* : C H s , or, Ch s — C v* : C h* : : (vs)* : 
CH'; therefore, Cv* : Ch» :: C IP- (vs)* : CH' .-. Ch = 
C'Hx-Cv 
v'CH J -(vs)* ‘ 

Prop. XLVI. 



The distance of any point in an ellipse from the focus, the 
latus-rectum, and the position of the tangent at that point being 
given, to describe the ellipse. 

M 




making a given angle with PF. 
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Take P E=4 latus-rectum ; draw P D perpendicular to P T, 
and ED perpendicular tp FP ; the point of intersection D is in 
the axis (Prop. XXIX.) ; join F D and produce it ; make the 
angle M P f=angle T P f ; and the point f in F D produced will 
be the other focus (Cor. 8. Prop. XI.) ; bisect F f in C, and draw 
C t parallel to P T, intersecting P F in t ; make C H and C I=P t 
=half the transverse axis (Cor. Prop. XXV.) ; through C draw 
W K at right angles to H I ; with the center F and distance Pt, 
describe a circle intersecting KWinK and W, then KW will 
be the conjugate axes (Prop. VI.) ; hence we have the foci, and 

the transverse and conjugate axes given, to describe the ellipse. 

. > 

Prop. XLVII. 

If C H B be a triangle right angled at H, and the curve WPH 
such that drawing any right line F E P parallel to B H, it will 
always be E F* + E P = H B* ; the curve WPH will be an 
ellipse, and C H, C W the semi-axis. 



W 




Let C I=C H. Then per similar triangles C H* : H B* : : C E* 
: EP. Ther. CH* : HB* :: CH*-CE* : H B’-EPj that is, 
C H* : C W* :: EIxEH : EP, a property of the ellipse (Prop. 
XVI.) 

Corollary I. 

If P T touches the ellipse at P, it will be E P : E P* : : C E : 
ET. For (Prop. XVII.) CE :CH :: CH: CT. Ther. C E* : 
C H ! : : C E : C T ; and C E 3 :CH*-CE’ :: CE:CT-CE; 
but CE* : CH*— CE* :: EP : HB»-EF»j therefore E F* : 

H 
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HB 3 — EP : : C E : CT-CE :: CE : ET; that is, EP : 
E P 3 : : C E : E T. 

Corollary 2. 

If the semicircle BAH be described onBH, the legs BA, 
A H of the right-angled triangle BAH, will be equal to the seg- 
ments F E and E P of the right line F E P. 

For B A 3 +A H 3 = H B*=E P+E P 3 . 

Therefore B A+ A H=F E+ E P=F P. 

Prop. XLVIII. 

Let H I W K be an ellipse, H I the greater axis, W K the 
lesser, C the center, F, f, the foci, P a point in W K produced, 
P D a line meeting the ellipse in D, and EDG perpendicular to 
W K : Then if E G be so taken that F C : C K : : PD : EG, 
the locus of the point G, will be in the circumference of a circle, 
whose center is in the axis WK, or in WK produced. 




, m* 

WE = c+x, KE=c— x, PE 3 =d 3 -2dx+x 3 , and PD 3 =-^. 
EG 3 ; also. Prop. VI. m» = t 3 — c», and Prop. III. ED 2 = t 3 - 
~ . Hence we have P D 2 =P E 3 +E D 3 =d 3 +t 3 -2 d x+x 3 - 
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t'x* 



But — 



nr x’ 



t’x* 

c s 



. . . m* 

= x* — , ther.* — . EG ! = d«+t'- 



2 d x — — x 3 ; an equation of a circle, whose circumference is 
the locus of the point G, and whose center is in the line P W. 



Cor. 1. If the point D be taken above the transverse axis H I, 

m 2 m* 

ther. PE=d + xand^EG J =d 3 + t 3 + 2dx-— x 3 , an 
c* c 

equation of a circle. 

Cor. 2. If P falls on K or W, then C P = C K, or b = d, and 
m 3 E G’=c 4 -l-c l t 3 ^2 c 3 x— m- x a . 

Cor. 3. When P coincides with C, then PC=d=o, ther. EG* 
c* t 3 

= — - — x 3 , an equation of a circle whose center is C, and 
m 3 

radius li. 
m 

Cor. 4. When F C=C K ; then E G=P D. 



* Put CE = x, EG=y, and let a ± 2bx-cx 2 = cy a , a, b, c, being 
constant quantities ; make AC — and A E — z. We then have A E 4 ~ 

AC— C E — r— 7+ ^ from whence 2bx=2 bs± and c x'=ci’f 
c c 

2 b z — , then by substitution, 8 c ^ — z 2 = y 3 , or r 1 — A E 2 = EG 2 ; 
an equation of a circle whose center is A, and semi-diameter r = ^ 

v/ac + b 2 . 
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OF THE 



r'. 

CIRCLE OF CURVATURE. 



DEFINITION. 

w E know that a circle may be described through any three 
points taken in a given curve ; and since an indefinite number of 
such points may be so taken, an indefinite number of circles 
may be described through those points ; but the nearer those 
three points are together, the nearer will be the coincidence of 
the curve and circle. Therefore, as the tangent of a curve is the 
limit of all the straight lines which meet the curve in two points, 
so will the osculating circle be the limit of all the circles which 
pass through any three points in the given curve. 

Hence we may conclude, that a circle of equal curvature with 
a curve at any given point therein, is that which passes through 
three points of the curve, which are supposed indefinitely near to 
each other ; and therefore have the same common ordinate, 
chord, arch, and tangent, at the point of contact. 

The following extract from Mr. Whiston’s Euclid, page 68, is 
worthy of remark : — 

1. Circles growing into amplitude greater than any given one, 
approach always, even unto infinity, nearer and nearer to 
the tangent, but are never joined to it, otherwise than in 
one single point of contact ; which thing, although it be 
most evident, is yet truly admirable. 



t 
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2. The angle of contact contained by the tangent and circum- 

ference, cannot be divided by any right line. 

3. Nevertheless, by circumferences of circles touching the tan- 

gent in the same point, the angle of contact may be divided 
and diminished infinitely. 

4. In the 1st and 3rd lies hid the whole mystery of asymptotes, 

that is, of a right line approaching unto an hyperbola, yet 
never concurring with it. 



LEMMA. 

The ultimate ratio of the arc A C B, chord A B, and tangent 
A D is that of equality. 



C 



Let A C B be any part of the curve F G, A B its chord, and 
A D a tangent at A. Through the point B draw the straight 
line DE, and let AE be at right angles thereto. Then in the 
right-angled triangles AEB, A E D, we have AD* — (DB-J-BE) 
= AB 2 — BE*; therefore AD* — AB* = (DB+2BE) DB= 
(DE-t-B E) DB; conceive the point B to move along the curve 
B C A towards the point A, and let D E be always parallel to its 
original position ; on this supposition, D B, the subtense of the 
angle of contact, would be continually diminished, and if the 
point B actually coincided with the point A, D B would vanish, 
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AD 

and then AD 8 — AB’ = zero; therefore = unity, the limit 
of the ratio of A D to A B. 

But the arc A C B being always within the triangle A B D, we 

A C B 

may therefore conclude a fortiori that = unity. Hence 

A Jj 



the ultimate ratio of the arc, chord, and tangent, is that of 
equality. 



Corollary 1. / i . 

The ordinate B H will at last be equal to the vanishing are 
A C B, because if the parallelogram A H B D be completed, B H 
will always be equal to AD. 



Corollary 2. 

Hence from the common abscissa A H, we have to find the 
chord A B from the nature of the circle ; and the ordinate H B, 
from the nature of the curve, and put their values equal to each 
other. 

Prop. I. ' 



To determine the chord of the circle of curvature at any point 
of an ellipse that passes through, the center thereof. 
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focus ; and let P Q V L be the circle of curvature touching it in 
P, whose diameter is P L, and P V the chord of curvature pass- 
ing through the center C. The other lines drawn as per figure. 
From the similar triangles P N Q, P V Q, we have P N : P ft 
PQ 4 arc 5 P Q 



PQ : PV = 



Pft ! = PNxPV. And 



PN- PN 

(Prop. XVI. ellip.) PNxNG:Nft* :: PC*: CD 4 .-. Nft ! = 
PNxNGxCD* 



PC 4 

PNxNGxCD 4 



But per lemma 2, P Q 4 =N Q? .•. P N x P V 



_ NGxC D 4 

. ther. P V = — 



2PC x CD 4 



2CD 4 

PC 



PC 4 ' PC 4 ~ PC 4 

For when Q moves up to P, N G is equal to 2 P C. 



Cor. 1. The chord of curvature PV, passing through the 
center C, is equal to the parameter of the diameter P G. (Ellip. 
Def. 18.) 

Cor. 2. From the similar triangles P a Q, P d Q, we have P a 
: PQ : : PQ : Pd .•. Pa = Therefore PNxPV=Pax 

Pd. 

Prop. II. 



To determine the diameter of the circle of curvature at any 
point of an ellipse. 

By the similar triangles P C A, P V L (Fig. to Prop. I.) PA: 



PC :: PV:PL = 
P C 

Ther. PL = s-t X 

P A 



PVxPC 
PA ' 
2 DC 4 
PC 



2 D C 4 

but PV = -pp _ (last Prop.) 
* ^ 

2 DC 4 

l- . ■ = diameter of curvature. 

P A 



Prop. HI. 

To determine the chord of the circle of curvature at any point 
of an ellipse that passes through the focus thereof. 

Join PF, and let it intersect the circle of curvature in a, and 
the conjugate diameter D B in E; also join a L. (Fig. to Prop. I.) 
Then per the similar triangles PAE, PaL; PE:PA::PL: 
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p A v p L 

P a = — — - but ( Cor - Prop- XXV. ellip.) P E = C H, and 

(Prop. II.) PL = *g?; ther. 

PA CH PA CH 

=chord of curvature passing through the focus F. 



Cor. 1. By Prop. L P V = — p-Q — > and by this Prop. Pa = 

2DC3 . 11 

- tttj — • Hence PV : Pa : : : ~ CH : CP. 

CH PC CH 



Cor. 2. At the extremity K of the minor axis, C D becomes 
CH, ther. P a = — = 2 D C. 

Cor. 3. Since by Prop. I. P V = ~~ , by Prop. II. P L = 

A 1/ 

2DC* 2DC* 

" p ^ ’ anc * b y P ro P- HI. P a = — - we have the diameter of 

curvature, the chord of curvature passing through the centre, 
and the chord of curvature passing through the focus respectively, 

J 1_ 1 

** PA' PC 1 PE' 



Prop. IV. 

If F Y be drawn perpendicular to the tangent at P, and L re- 
present the latus-rectum of the transverse axis, then the diameter 
of curvature P L = L X Sec.’ P F Y. 




t 
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Per Def. 18. -JL = and (Prop. III.) *Pa = ; 

ther. i L : £ P a : : C K’ : C D*. And per similar triangles, F P : 
F Y : : P E : P A= ^ - ^- X C (Cor. 1 . Prop. Ellip. XXXI). Ther. 

L* XJ 

CH:PA::CD:CK::FP:FY. Or, CD* : C K> : : FP 3 : 
FY*:: Pa: L. 

But (Cor. 8. Prop. III.) Pa : PL : : PA : CH : : F Y : FP, 

And L:Pa::FY s : FP> .-. L:PL::FY* 

: FP 3 . 

Hence PL = (f?)’ X L = L X ^FFY = Lx8ec -’ PFY 

(rad. = 1). 

Prop. V. 

If F Y be drawn perpendicular to the tangent at P, and the 
arc P Q be taken indefinitely small, and Cl c be perpendicular 
and Ob parallel to FP; then the latus-rectum of the transverse 
(Qc)» 

axis will be equal to = L. 



Y 




Since the arc P Q coincides with the tangent at P, the triangle 
Q. P c continually approaches towards similarity with the triangle 
F P Y, as Q moves towards P, and at the point of contact (from 
.the similar triangles FPY, PClc) OP* : ftc* : : FP 5 : FY S : : 

P a : L (Prop. IV.) divide by Qb, then : Pa : L. 

q ps Q c » 

But Cor. 2. Prop. I.) P a = ■=— .*. L = ■ 
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Prop. VI. 

The radius of curvature P© at any point P of an ellipse, is 
directly as the cube of the semi-diameter C D. 

C H x C K 

By Cor. 1. Prop. XXXI. Ellip. P A = — — (Fig. to Prop. 
IV.) 

DC’ 

And (Prop. II.) P© = -=-j- ; and by substituting for P A we 
Jr A 



have P© = DC 8 X 



CD 



CD 3 



But C H and C K 



CHxCK CHxCK 
are given, therefore the radius of curvature P© is directly as 
CD 3 . 



Cor. I. The radius of curvature at the vertex of the transverse 
diameter is half the latus-rectum of that diameter. 

For when P coincides with I, C D becomes equal to C K, and 
CD 3 C K 3 c K s 

then P© = CHxC k = CHxCK = Clf = half the latus ' 
rectum of the transverse axis (Def. 18. Ellip.) 

Cor. 2. If the point P falls on K, CD will become equal to 



CH, and then P© = 



CD 3 



CH 3 



CH 8 



CHxCK CHxCK CK 



= half 



the latus-rectum of the conjugate axis (Def. 18. Ellip.). 



Cor. 3. The radius of curvature is therefore least at I, and 
greatest at K. 

Cor. 4. Since the radius of curvature at H, is to the radius of 
curvature at K, as C K 3 : C H 3 , 

By putting d for the measure of a degree at H, 

And - - - - D for the measure of a degree at K, we shall have 
d : D : : C K 3 : C H 3 (the lengths of the degrees being as the 
radii). Hence if d be less than D, C K will be less than C H, 
which is found to be the case by actual measurements taken at 
the Equator and near the North Pole of the Earth. 

Cor. 5. Any chord of curvature P R, is directly as the sine of 
the angle RPT, and as the cube of the semi-diameter CD. 

• Q p T\3 

For rad. : P L : : sin. PLR : PR; that 1 : :: 

sin. R P T : P R = =, X C D 3 X sin. RPT. 

CHxCK 
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Prop. VII. 

If PT be a focal tangent to the ellipse H W IK, the radius of 

FP 4 

curvature at the point P is equal to pTy* ’ 




c p> pi 

Ellip. 2FP=L. Ther. PL = ^y, X2FP; or, = P© = 
FP 4 
F Y>‘ 

Prop. VIII. 

If PA, PX, be perpendicular to the tangent PT of an ellipse, 
then the radius of curvature P© is reciprocally as the cube of 
P A, or directly as the cube of P X. • 
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By Cor. 1. Prop. XXXI. Ellip. CD 3 = 
CD 5 



CH>xCK> 



and 



Prop. VI. P© = 

1 



P© = 



CHxCK 
Cfl’xCK 1 



PA 3 

, and substituting for C D 3 , we have 
CH’xCK’ 



CHxCK 



PA* 



PA 3 



■ , but C H and 



CK are constant, therefore P© is as p ■■ » or P© is recipro- 
cally as P A 1 . 

And since P© X PA 5 = C H'xCK*, and (Prop. XXVII. 

n U6 

Ellip.) P A x PX = C K 1 ; ther. PA 3 = ; and by substitu- 

i A* 

C ire nm 

tion P© x ^ = C H* X C K* ; or, P© = ^ X PX 3 ; 

therefore P© is directly as PX 3 . 

Cob. 1. By Prop. XXXVII. Ellip. PX = 

CK 3 



CK 1 



Ther. 5JL* xPX>=. 
C K 4 

That is, P© = ■ 



c v'CH* + t*-CX* 
C H* 



(cv'C H s +t*' C K*) 3 C K 4 

C K s x C H* . . ‘ 

— c=cos: t=tang. PXI. 

(cv / CH , +t l CK') 1 

Cor. 2. If P©, the radius of curvature at any other point f 3 , 

intersect the transverse axis in X, and the semidiameter CD in 

l 

A ; and if d represent the measure of a degree at P, and D the 

measure of a degree at P, then by the Prop. P© : P© : : d : 

Dtt-gJL : _L : : PX 3 : P&». Or 2 = J-Al = 

PA PA» d £A> PX 



Prop. IX. 

If the radius of Curvature P©, perpendicular to the tangent 

Pm, intersect the transverse diameter H I in X, and the ordi- 

, d u u j . Se c - 3 n P m C K 4 
nates P n, P r be drawn, then 



P© 



CH’xCn 3 
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By Prop. VIII. P© = X PX 3 . and by trig. rad. : sec. 

r P X : : P r : P X ; ther. P X = P r x sec. r P X, and by substi- 

CH 1 , _ ... sec. 3 n P m 

tution we have P© = g-g; x P r 3 X sec. 3 r P X .•. — = 

CK' 

CH 3 x'Cn 3 ' 

Pbop. X. 

If P© be the radius of curvature at any point P, B D conju- 
gate to PC, HI and W K the transverse and conjugate axes, 
and P A perpendicular to BC, then P©, C B, P A are in conti- 
nued proportion. 




By Prop* LI. P© = cH^ 5k’ and Cor - L Pr0 P- XXXI. 
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Ellip. P A X C D=C H X C K. Then substituting for C H X C K, 
C D 3 C D 1 

we have P© = — — — — = — — ; hence P©, CD, PA, are in 
Jr A X L JJ x A 

continued proportion. 

. Prop. XL 

PA S ; CB’ ; : | parameter of the transverse axis H I : rad. 
curvature P©. PA 3 : CK* :: i parameter of the conjugate 
axis K W : radius of curvature P©. 

By Prop. VIII. P© x P A 3 = C H* x C K*= H C 3 x • 

H C 

r vs C 

Ther. PA*: CB ! :: — ^ : P© : : i param. of H I : P©. 
From the same equation P© X P A 3 = C H J X C K* = C K 3 X 
» we have P A 3 : C K 3 : : : P© : : i param. of K W : 

lit 

P© (fig. to last Prop.). 



Prop. XII. ' 



The chord which the circle of curvature cuts off from a dia- 
meter of an ellipse, is a third proportional to that diameter and 
its conjugate ; which chord will be the parameter of the dia- 
meter. 

By Prop. I. The chord of curvature P V passing through the 

a c D* 

center C of the ellipse is equal to ^ — ; ther. 2 P C : 2 C D : : 



3CD : 



2CD> 

PC 



= PV. 



Prop. XIII. 




If PX be perpendicular to the tangent at P, intersecting the 
transverse axis H I in X, and L represent the parameter of the 
transverse diameter. 




By Prop. VIII. P© X PX 3 ; but (Def. 18.) ~ 
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Ther. — - - . hence P© = -f *- PX I = (IY 
2 C K' L’ L* \L/ 

p YJ /L\ l # 

Ther. = |-j . (Fig. to last Prop.) 

Prop. XIV. 



xPX*. 



Let a perpendicular be drawn to the tangent at P, intersect- 
ing the transverse axis H I in X, and P F drawn to the focus F. 

Then if X M be drawn perpendicular to P X, and M © per- 
pendicular to PF, intersecting PX in 0; then will the point © 
be the Center of the circle of curvature at the point P. 




Draw DB conjugate to PC, and demit the perpendicular F Y 
on thf tangent P T. 

By Prop. XXVII. Ellip. P A X P X=C K* 

By Prop. II. P A X P © =C D s . 

Ther. CD J :CK*::P© : PX. 

By Prop. XXXI. Ellip. F P* : F Y* : : C D* : C K a , and per. 
sim. triangles FP 1 : F Y a : : P© a :PM‘ :: P© : PX : : P©* : 
PXxP© ; that is, P©» : PM 1 :: P©* : PXxP© P© X 
BX=PM*. 

Consequently MX is at right angles to the radius of curva- 
ture ©P. 
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Prop. XV. 



Haying given the axes of an ellipse and the latitude of a point 
P, to find the radius of curvature in the given latitude. 




Let H W I K represent a meridian through the given latitude 
P j HI.KW the axes, F, f, the foci. Draw PX perpendicular 
to the tangent P T, and fTE parallel to PX. 



Put the semi-transverse C I=a 
semi -conjugate CW=b 
a s — b s - =v a 



Sin.ofLat.PXI=sin.EfI=S 

Cos. - - - EfI=C 

Radius of curvature at P, =R. 



2vV — b 2 =F f =2 v (Prop. VI.) and (Cor. 2. Prop. XI. Ellip.) 
FE=HI=2 a. 

Then per trig. FE: sin.FfE :: Ff : sin. FEf = sin. Tf P 

(Cor. 1. Prop. XI. Ellip.) That is, 2 a : S : : 2 v : Xi! = 8 i n . 

a 



TfP ; and 1 - ^ f- S - = cos.® Tf P; and ^ 

' (>•)* 

• ' 1 • * 

s cos. 3 TfP (rad. 1.). 



_ (a»— y®S»)* 



Then (Prop. IV.) R = - x x 

a rns s T t P a 



a ° cos. 5 T f P a ~ „ *' 

(a 2 — v s S 2 ) 
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— • 3 » or, by substituting 1 — C* for S s ; R = — - — 



(a*— v* S’) 



(b a -f-v s C J ) 



When P coincides with I, then S = O, and R = a -~* > = a . 



b 2 



w>* a 



= — = half the latus-rectum of the transverse axis. 

a > 

a* b* a 2 b* 

When P coincides with W, then C=0, and R = = -pr- 

M* b 

a 2 

= = half the latus-rectum of the conjugate axis. 

See Corollaries 1 and 2. Prop. VI. 



Prop. XVI. 

Having the meridional degree, and also the degree perpendi- 
cular to the meridian, in a given latitude ; to find the earth’s 
axes, supposing it an ellipsoid. — (Trigonometrical Survey, vol. i. 
page 300, and Mathematical Repository, No. 14.) 




Suppose IKHW to be the elliptical meridian passing through 
the point P, whose latitude is given ; Cl, C W, the equatorial 
and polar serai-axes. Let P E be the ordinate to the point P, 



• Otherwise thns : 

Join CP, and draw its semi-conjugate Cp, and we have (Prop. VI.) 
rad, car. at H : rad. cnr. at P : : C : C p> ; but (Cor. 1. ibid.) Tire rad. 
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and draw P R perpendicular to the curve at P, which will be the 
radius of curvature of the perpendicular degree at that point ; 
also draw P Q. parallel to I C. 

Put s, c, t for the sine, cosine, and tangent of the given lati- 
tude PXE. 

P = length of the perpendicular degree, 
m = length of the meridional degree, 
d = 57°. 29, Ac. 



Then CE=QP= 



CP 



PR: 

And ------ 

Therefore 1 ; - 



v'C P+P C W 2 
CP 



- - - (Prop. XXXVII. Ellip.) 



cv'CP + PCW* 
CP- CW> 



(c-v/C P-j-PCW 8 ) 
CW ! 



=== = d p (Prop. XLIV. Ellip.) 
= dm (Cor. 1. Prop. VIII.) 



CP P , 2 

p • ni . . ^ — a t . 

r CW S me 8 



c s - C P+c* P- C W J 

But c’ =— 1 — ... £!l=Sl±3_c*=E±i^zf*!,„hicb 

l+t* CW a m m 

put = V. 

Hence C P=v X C W 3 j substitute for C P in the value of d P, 
v C W s 



Then 



cv'vC W»-f-PCW* 



= dP =-^I,CW: CdP 



C-V f V + P 



V* + p. 






C K 2 b 2 b 2 

cor. at H = = — ; hence — : b* : : rad. enr. at P : C p 1 ,u rad. 

CH a a ' ■ ^ 

cor. at P = °^ . But (Prop. XXXVII. Ellip.) C p = - ■ - >b ■ j- 

»b v ’ v Cy/b 2 -fa 2 t 2 

^(u.-biy+bi = tl,er - C p ’ = (bJ+ylgJ) i c = 

cos. , t=tang. of p C H, or of P t H, or of the comp, of P X t, tber. s=C). 

The rad. cor. at P beiog equal to 4 - x Cp’, we have R= 4 - X 

ab ab 



a 1 b> 



a 1 b 2 



(b 2 + v 2 C 2 )i (b 2 + v 2 C 2 )* 



as before. 
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P + (P-m)t’ 
We have v = — — — : 



P+(P-m) 8 P-f 
1* * 



Ps’— ms* 



m 



m 



Pc’ + Ps’— m s’ P-ms’ 



p_ ms’ s’ Pc’ — m s’ c’ -j-nt s’c’ Pc* 

And V + 1’ = „ „ 2 “ 7* ~ me 4 mc‘ 



P^ 

me’ 



m c' 



cdP 



Ther. C\V = — — — ^v + i’scdPxs , 

v P— ms’ c m 



’ l P 
x - v/- = 



c’d/Pm 



c’dPm P c’dPy'Pm c’dy/P m 

P-ms’ m— P37ns’ “ , _m ” (lW ») 



C I’=v X C W*=v x 
c’d’P 1 x J n c * - x 



'd’p* 



x(v+t*) ; 



c’ d’ P’ 



V* ■ • ■ V 

P c’d’P 3 c’d’P* 



x (v+t») = 



P— ms’ tn c’ P— ms’ , m „ 

>-p*‘ 



Ther. C I = 



cd P 



cdP 






# 



COROLLARY 1. 

If 1 = the length of a degree of longitude at the point P, then 
P Q will be its radius of curvature and equal to d 1, and P R = 

d j>? therefore PQ?PR : s l ; P : : c : 1 P = i,. which being 
substituted in the above expressions, we have 

_c’d v /Pm_dc\/cinl_ d c \/-c m 1 



CI = 



i-p i-™* (i+-v=r)(i-v=p 

cdP dl 



and 
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Corollary 2. 

'^ 'Vt*wvm =rR= - aT> 

the cosine and tangent of some other latitude, and P the perpen- 
dicular degree in that latitude ; then ^ ** = d P 

bv'CP + T'CW* 

the radius of curvature where the perpendicular P is measured. 
C 

ence Pbv/ C P+PCW* = d ’ and lhe former e< l uation g' ves 
CP 

Pcv/Cl^ ?^. = d » these beln = e< 3 uate< *> we have P b 3 
(C P + T* C W 3 ) = p c s (C P+t 3 C W 3 ). 



gO g g 

Let s and S be the sines to the cosines c and b ; put — and — 

r c 3 b 3 

for t s and T 3 , and we shall have P 3 b* (C P -f . C W 3 ) = P 2 c 3 

b 3 ' 

(C P + rCW*. 



And by multiplying and transposing, we get (P 3 b 3 — p* c 3 ) X 
CP = (p 3 s 3 -P 3 S 3 ) x CW>; hence we have Cl : CW :: 
t/p'i’^P’ S 3 : s/P b 3 p 3 c 3 , for the ratio of the axes ; 
which being expounded by 1 : n, we have CP:CW'::n 3 : 1 
CP =n*xC W*; this substituted for CP in the equation 
Cl 3 , n 3 - C W 3 ■ . ! 

pcv'CP+PCW 3 pc v /n 5r CW ! +t i -CW i — 

y/ ** + <?. Whence CI = 



n'CW 



= d C W = 



dcP 



pc\/n 3 -f-t 3 



n X C W 3 = — v^n*+T 3 . n = v/^ 



Pb>. 



PS* 
* p 3 c 3 



Hence if 1 and L be the degrees of longitude in the given lati- 
tudes, we have p = and P = ^ . which substituted for p and 
c b 

P in the proportion C I : C W : : \/p 3 s 3 ^PS 3 : \/P b 3 ^.p 3 c 1 , 
we shall have C P : C W 3 : : 1* t ! ^L 2 T* : L 3 ^] 3 : : x 3 : ]. 
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i 



L’^P 



Ther. * = >/ > hence c w = ^ + I s , and 



dl 



ci==- vv + t*. 

It 

If C I* = n a X C W‘ ; or CI ! =«- ! xC W* be substituted in the 



Cl 2 



equation p bv / c ji+'p. c VV 2 



= d, we shall obtain 



C W = ^ «/n* +T*. and C I = ^ V'n 2 + T*. 



Or, 



CW = — JyV+T 1 , and C I = ^ vV + 'l* 

T 2 11 

The values of n and w remaining the same. 



dl 



Corollary 3. 



If H = an arc, corresponding to the nat. sin. s^/ — (rad. 1.) 

then by trigonometry, (1 + s\/~) ( l — s v / ")= sin. (90°+H) 

sin. (90' — H) = cos.* H. And by substitution CW = d-s/pm 

C W 

C I 



cos.* lat. „ , J .. COS. lat. _ C W _ m cos. lat. 

x r-, C I = d p X and =v ~ x 

■* • ” r cos. H C I p 



cos. 2 H 
, m 



cos. H 



If Sv / m be considered as a cosine, then the sine of H must 
P 

be used. 



Corollary 4. 

in c 

If G = an arc, corresponding to the nat. sin. &•/ — p» then 
( | +i ^!L£) ( 1 -*^)= sin.(90° + G) gin. (90"— G) = 



dc>/cinl rxK7 dl 

cos. 3 G. And by substitution ^ > 



cos. 2 G 



cos. G 



= Cl, 



and 



C W _ 1 x cos.G 

"cT 



c\/c m 



If g,/^ be considered as a cosine, then the sine of G must 
be used. 
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» 



In a Sphere, whose Radius is Unity. • 

p = P, m = p, - = mc=l, and d m = 1 ; therefore C I 
' c I 

=e CW. 

Prop. XV LI. 

Having the length of a degree in the meridian, and also that 
of a degree perpendicular to it, at the same point, to find the 
length of a degree in any other given direction,, supposing the 
earth to be an ellipsoid. (By Mr. Dalby, in the Philosophical 
Transactions for 1803, and Leybourn’s Diary.) 




Let EP represent part of the elliptic meridian, and nv the 
measure of a degree thereon ; bisect n v in G, and draw B C a 
tangent at G ; draw G R at right angles to B C, and equal to the 
radius of curvature belonging to the degree perpendicular to the 
meridian, and through R draw FS at right angles to G R. 

Conceive another ellipsoid F G S O (whose semi-revolving axe 
is G R, and fixed axe F S) to touch the given one in the point G, 
so that the convex part of the one shall coincide with the concave 
part of the other in that point ; let F A S D be a section of F G S O 
through the center R, perpendicular to RG, and let OGRbe 
the plane of an ellipse. inclined to the meridian EGP, or to the 
plane FG S, in a given angle FRO. 

Let d = 57-29, See. the degrees in a circular arc, equal to 
radius, 

m = length of the meridional degree, 

dm = radius of curvature corresponding to m. 
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p = length of the perpendicular degree, 
dp = RG = RA = radius of curvature corresponding 
to p, 

s = sine, and c = cos. of the angle FRO. 

Then in the elliptic quadrant FRG (FRA) are given the 
semi-transverse axis R G = d p, and the radius of curvature at 
G, in direction E G P, or F G S = d m, to find the semi-conju- 
gate axis R F. 

FR« 

(Cor. I. Prop. VI.) = dm.-.FR J = Rgxdm = p jn-d*. 

In the elliptic quadrant FRA are given FR ! = pmd'; R A 
= dp; and s and c, the sine and cos. of the. angle FRO, to 
find RO 1 . 

t> T7S y R A 1 

(Prop. XXXVII. Ellip.) RO* = 
mp'd* m p* d* 



s‘RP 4-c'RA* 



p m d a s 1 -f- p 1 d 1 c 1 ms ! + p c a ‘ 

In the elliptic quadrant G R O (right angled at R), are given 

XX> p 2 d* 

G R =d p, and RO* = - — to find R the radius of cur- 
r ms’ + pc” 

vature at the vertex G, in Direction G O. (Cor. Prop. VI.) R = 



RO'_ mp'd 1 

RG ms a -|-p c a 
m p 



-=-dp: 



mpd R 

: — — 2 » therefore -r 

m s a -fp c d 



m p 



m p 



ms a -|-p c* 
- = length of a degree oblique 



ms 2 — p s* -f- p p — (p— m)s* 

to the meridian. (1 — s , =c 9 ). 

Cob. 1. If a and D represent the lengths of two oblique de- 
grees ; s, c, and S, C, the respective sines and cosines of their 



inclination to the meridian ; then A = 



p m 



ms^pc* 



, and D = 



p m 



; from whenee p = 



A m s 1 



Ds 1 m 



m — Ac m — C* D 



- , and m 



mS a +pC 

Ac’p C a Dp . , s* c* — C 1 s a , 

p— -s* a = p -3s»d ; therefore m = * A D ' and 

S» c s — C s s 5 

P = rrrT, X A D, the meridional and perpendicular de- 

c s A — C* D 

grees, exhibited in terms of the oblique degrees, combined with 



Digitized by Google 




73 



the sines and cosines of their inclinations to the meridian. 
Therefore an ellipsoid may be determined from the lengths of 
two oblique degrees in the same latitude. 



We may remark, that - will give the oblique de- 

* p— (p—m)s 3 8 4 

gree on different spheroids, because the expression is in terms 

of the meridional and perpendicular degrees and the sine of the 

obliquity only. 

When R O coincides with RA, then s=l andc=o; in that 
pm pm 

case A = — t- = - — = p. 

m s 8 -j-p c 8 m r 



Cob. 2. Since A = — — = 

p-(p-m)s 8 



1 — 



1 — V s s 



p— m 

t; — : ~s r by putting — - — = v*. If A = an arc corres- 

(1 + vs) (1 — vs) B p— in 

ponding to the nat. sin. v s (radius unity), then per trig. (1-J-vs) 
(l — vs) = sin. (90 1 ’ + A) sin. (90° — A) = cos.* A; therefore 

A = — * Hence the following rule. 
cos. 8 A 6 



Find the log. sy' among the log. sines j 

Double the log. cosine corresponding thereto. 

Subtracted from the logarithm of m, and 

The remainder will be the logarithm of the oblique degree. 



Prop. XVIII. 

To find the earth’s axes, having given the measures of a 
degree of a meridian in two given latitudes, the earth being sup- 
posed an ellipsoid. — ( Mathematical Repository, No. 15, November, 
1815.) 
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Let I K E N represent a meridian of the earth, K N the less, 
and I E the greater axis, and z, z, the given latitudes ; at right 
angles to which let Z X, z x be drawn, and let Z M, z m repre- 
sent the radii of curvature at Z and z. 



Put A= degrees in the greater latitude ; S=sine, C=cosine ; 
B=degrees in the less latitude; s=sine, c=cosine ; rad. 1. 
D=length of a degree on the meridian, in latitude A, 
d =length of a degree on the meridian, in latitude B, 

E =an arc, corresponding to the nat. sin. sy^=vs, 

F =an arc, corresponding to the nat. cosine c^/^= vc. 



57-29, &c.xD=R=ZM; 57-29, &c.xd=r=zm, 

57-29, &c. being the degrees in a circular arc equal to rad. 
Put also OE s =a’, O K’=b s , and L=principal latus-rectum. 

Tb “ p '°p- xv - >»•= 

(S 5 — v a s*) (a a — b 1 ), and thence b s : a s : : v J c ! — C s : S s — v ! s* ; 
OK 8 * _ (vc-t-C) (vc-C) 

O E* (S -j- v s) (Si — v s)' 



Or, 



Hence the ratio of O K to O E 



is known. 

The proportion of the diameters being known, the principal 
latus-rectum may be found as follows. 



* O K _‘ 
6 E J 

ing for v. 



(8-fvs)(S-vs) (S D.-f a di) (S Di-s di) 

The same as given in vol. iii. page 144, Doct. Hutton’s Course. 
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From the foci S, T, draw S z, T z ; also draw T R at right 
angles to the tangent z y, meeting S z produced in R. 




=cos. 3 YTzXr. And per trig, a : \/(a*— b») :: v’s’) 

1 — 

v^l-v 5 ) :: a : sin. YTz = s v / hence the cos. YTz 

_ ; .barite. = fJ f+.)( s riL) < xr 

v S J -v 3 s*’ OE \(S+vs) (S— vs) / Xr ‘ 



By using the sine (S) of the greater latitude, we hare 



I (S+s)(S— ») \* 
V (S+v s) (S-vs )/ 



V s xR. 



OK 3 

OE ~ 



Hence by having the values of ~ and as above, we 
readily obtain 



O K = / (S-HHS-s) (S+s) (S-s) 

\(vc+C) (vc-C)/ (S+vs) (S-vs) 

O E= ( (S+S) (S ~ 8) V x ( s +0 (S-s) 
\(S+vs)(S-vs)/ (vc+C) (vc-C) 



X r, 
X r. 



But by Trigonometry, 

(S-fs) (S— s) = sin. (A+B) sin. (A— B), • 

(S+vs) (S-.vs) = gin. (A+E) sin. (A— E), 

(vc+C) (v c-C) = sin. (A+F) sin. (A-F). Therefore by 
substitution, 
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OK* 


(vc+C) (vc-C) 


sin. (A+F) sin. (A— F) 


OE* 


(S+vs) (S— vs)’ 


sin. (A+E) sin. (A— E) 


OK* 


/ (S+s) (S-s) 


/sin. (A+B) sin.(A— B)\ 


OE" 


\ (S + v s) (S-vs) 


) X r _ (sin.(A+E) sin.(A-E)/ 



X 57-29 &c. X d. And tbence 



^ x: _ / S. ( A+B) S. (A - B) „ S.(A+B) S.(A-B) x 57 . 29 
\S. (A+E) S. (A—E)l *S.(A+F)S.(A-F) 

kc. x d, 

/ S. (A+B) S. (A-B) \~* S.(A-fB) S.(A-B) x 57 . 29 
K ~\S.(A+F) S.(A-F)/ S.(A+E) S.(A-E) 

&c. x d, 

OK / S.(A+F) S.(A— F) \* (A) . 

O E — \S. (A+E) S. (A— E)/ 

If the earth be a sphere, then D=d, and E=F=B; hence 
O E=0 K=57-29, &c. x ( B )- 

If one of the places as B have no latitude, then B and E will 

d , 

be nothing, and F an arc corresponding to the cos. (/ -g, the 
arc will not exceed six degrees, therefore less than A. 



Then OE = 



sin.* A 



sin. (A+F) sin. (A— F) 



X 57-29, &c. x d. 



OK = 



OK 

OE 

OK _ 
OE~ 



sin. A 

(sin. (A + F) sin. (A— F)) T 

(sin. (A+F) sin. ( A — F)) T 
sin. A 

\ sin. (45°+F) cos. (45°+F) 
sin. 45° 



X 57-29, &c. X 



d, 

(C) . 

(D) . 



If A = 45°, and B less than A. Then 

I sin. f45°+B) cos. (45°+B)\* .. sin. (45°+B)cos.(45°+B) 
E — \sin. (45°+E) cos. (45°+E)| sin. (45°+F)cos.(45°+F) 
X 57-29, &c. X d. 
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nv _/sin. (45°+B) cos. (45°+B) \ * sin. (45°+B) cos. (45°+B) 
lsin.(45°+F) cos.(45°+F)/ X sm. (45°+E)cos.(45°+E) 
X 57-29, &c. X d, 

OK _/ sin.(A-fF) cos.(A-fF) 

OE Ui«.(45°+E) cos.(45°+E)/ 



If A =45°, and B=0. 



Then OE = 



sin.* 45° 



OK: 



sin. (45°+F) cos. (45° +F) 
sin. 45° 

| sin. (45°+F) cos.(45°+F) j i 



X 57-29, &c. X d, 



X 57-29, &c. X d, 



Cor. 1. If s=0, then c=l ; we then have OK = 

rS* , OK* v*-C» (v+C)(v — C) 

0E_ ^Tc*’ and OE* - S* -- S* 



rS 



vV - C* 



Cor. 2. Since O E : O K : : S : ^/v* — C’, we then get 
OE— OK _ , _ v /v*-C*_ 1 _ n/(v+C) (v-C) 

OE S S' 



Cor. 3. Because O E* : O K* : : S* : v»- C‘, and O E* : O E* 
-OK* :: S* : S*-(v-C*) : : S* : 1-v*. 



Ther. 



OE*-OK* 

OE* 



1 — v*_ (OE+OK) (OE-OK) 
S* “ O E* 



Or ^OK(OE— OK) _ 2(OE— OK) _ 1-v* 



Ther. 



OE* 
OE-OK 
OE 



OE 
(I+v) (1-v) 
2 S* 



nearly. 



nearly. 



Prop. XIX. 

To find the earth’s axes, by having two degrees of a meridian 
measured, one at the equator, and the other in a given latitude. 
— ( Robertson’s Navigation.) 
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Let H I be the transverse, and KW the conjugate axis ; P the 
given place on the meridian I W H K, and C D conjugate to C P, 
forming the angle DCW, equal to the latitude of P ; on KW 
describe the circle W F L K, and draw D G parallel to H I, in- 
tersecting the circle in F, and join C F. 

Put M, for the measure of a degree at the equator, 

N, the measure of a degree at P, 

A, to represent the angle G C F, 

T, the nat. tang. lat. D C W, (radius unity), 
t, the nat. tang, of A, . 

p = 57'29, &c. the degrees in the circular arc, equal to 
radius. 

Then per trig. CD : C F : : sin. G F C : sin. GDC : : cos. 
G C F : cos. G C D. 

But (Prop. VI.) CD : CF (CW) : : ^/N • :: cos. A : 

cos. lat. 

Ther. cos. lat. X ^/N = cos. A X ^/M . • . cos. A = [ J T * 
cos. lat. 

Hence the angle A is known. 

Again (7. Ellip.) G D : G F : : tang. G C D : tang. G C F : : T : 

C W t 

t::CH:CL:.'CH:CW . • . ^ ■ a given ratio. (Cor. 1. 

C W t T 

Prop.VI.)pxM=^ lr x CW=^ X CW.-.CW=i x P M. 

ButTxCW=txCH.-.CH=? xCW = ^x P M. 
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That is, C W = ^ Jjl xpM, and C H = 1 x 

pM. S ‘ \ tang. A | 

Prop. XX. 

If D and d represent the lengths of a meridional degree in two 
given latitudes, the sines of which being S and s respectively, 
and C K : C H : : 1 : I -|-e (fig. Prop. XIX.) to determine an ap- 
proximate value of e, and thence the ratio of the earth’s axes. — 
( Vince’s Astronomy, vol. ii.) ' 

Let C H = a, and C'K = b; then (Prop. XV.) g = 
/a*-: (a* — b 3 ) S 9 \^ 

(;» Z (a«-b») s 9 ) J and a * : b * : : ( ! + e )* : 1 1 or, a 9 -b 9 : a» :: 
(l+e)»-l :(1 +e) s :: 2e : I+2e:: 1 :-L+ 1 :: 1 :-L. 

2 e 2 e 

Ther. (a 2 — b’) x = a ! ; that is, a 9 — b 9 =2ea 9 (omitting e 4 , 
and considering 1 = Hence by substitution, g = 



I a 9 -2ea 9 S 4 \|_ / l-2eS 9 U _ /l— eS*\s l_3eS 9 
\ a 9 — 2 e a 3 s 2 / \l-2es 4 / \l-es 9 / ~ I _3e 

nearly. From which equation e = 



3(S 9 D— s 3 d) 

But C K : C H : : 1 : 1 -f-e : : i : I + 1 j that is, C K : C H : : 
3 S 4 D— 3s 9 d 3S ! D— 3s 9 d 

D^d D^d ^ 1 nearly the required ratio (a). 

IfCH:CK::l:m::l-f-e:l (by the preceding). Then 
mx(l+e) = 1 /. me=l-m ;'or 1 : m :: e : 1-m. But, on 
account of C H being nearly equal to C K, we may consider m 

nearly equal to unity ; and therefore e = I — m = P~- d — 

3(S 9 D— s 9 d) 

. „ , D— d r 

3S 3 D— 3s 9 d 1 w 



But CH:CK::l:m::l:l ::w:w— r : : — — I 

w r r 
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mi ru „„ 3 D S’ — 3 s’ d . 3 S* D— 3 s’ d , . , vx 

Tber. C H : C K : : — ; • — — : 1, nearly (b). 



D-d 



D-d 



Cor. 1. If d be the measure of a meridional degree at the 

equator, then s=0. 

„ 3 S’D 3S*D , , 

A„d(a)CK:CH ; : to _:_ + I. 

Cor. 2. By supposing d and s, as in corollary 1. 

Then (b) C H : CK : : ? S -* -- 1 * - 1. 

v D-d D-d 

Cor. 3. If s=0, then by the proposition D : d :: 1 : I — 



3S’e, from whence D = : 



• = d (l-J-3 S’ e) nearly. 



I — 3S’e 

Cor. 4. Since D=d+3deS’; or D— d=3deS’, we shall 
have D— d as S’, because 3de is given; that is, the degrees 
of the meridian from the equator towards the poles are increased 
in a duplicate ratio of the sine of latitude nearly. 



Prop. XXL 

To render the expression ^ ^ S - , as determined by Prop. 



D-d 



3 S’ D— 3 s’ d 

iTii 



XX., applicable to the use of logarithms. 

(DS.-.1,.) X JL= = 



(1 



s .d,7 3D1 
-g' / D ) j X D3 
Cos.’ A x S’ x 3 D 
D-d - 



3D S’ 3D S’ 

- = sin. (90°+A) sin. (90°— A) X = 



A = an arc corresponding to the sin.-yG,. i 

*!> JL) 



an expression very convenient for logarithms. 



Corollary. The expression in Cor. 3. Prop. XX. may be re- 
duced as follows : 

D = . d = - _ d = = 

I — 3 e S’ (l-j-SVSe) (l-Sy'Se) cos.’B 

B= an arc corresponding to the sin Sy/Se. 
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Prop. XXII. 

« 

In a given ellipse, to find an approximate value for the radius 
of curvature in a given latitude. 

Put a = semi-transverse diameter, 
b = semi-conjugate, a b = c, 

S = sine of latitude, and 
R = radius of curvature in the given latitude. 



a* b 2 



Then Prop. XV. R = 

(a 2 — (a 2 — b 2 ) S 2 )^ 

But b 2 =a 2 — 2 ac-j-e 2 =a 2 — 2a c a 2 — b 2 =2 a c (omitting c 2 ). 
Then by substitution R = 



a 2 b 2 



a 2 b 2 



a 2 b 2 



b 2 



(a 2 -2acS 2 )* (a-c S 2 ) 
a 2 — 2ac a— 2c 



a 3 — 3a 2 c S 2 a - 3c S 2 — a-3c S 2 



1- — S 2 
a 



a — 2c + 



3 c S 2 , nearly, omitting c 2 &c. which is P. Frifi’s Rule. See Gen- 
tleman’s Diary, 1806. * 

Con. 1 — S 2 = (1 + S,y/ — ) (1— Sy/ — ); find an arc A, 

a a a 

corresponding to the sin. Sy' — ; then R = . 

a cos. 2 A 



Prop. XXIII. 

To determine the ratio of the earth’s axes from the measures 
of convenient portions of a meridian in any two given latitudes ; 
the earth being supposed a spheroid generated by the rotation 
of an ellipse upon its minor axis. Doct. Gregory’s Trig. 

Let the ellipse P E p Q represent a terrestrial meridian passing 
through the poles P, p, and cutting the equator in E, Q ; C the 
center, CGI the radius of the equator, and PC half the polar 
axis. 

M 
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» 




Let A B be an indefinitely small arc of the meridian, whose 
radius of curvature is A H ; join H B ; draw H D parallel to E Q ; 
on the center H, and with the radius HF = 1, describe the cir- 
cular arc F v r, and draw the sine v G ; also on the center H, 
and with the radius of curvature H A, describe the circular arc 



DAB. 

t Let CQ=a, C P=b, a— b=c, S=vG=sin. lat.=sin. angle 
AKQ=AHD; p = circular arc F v, andip=vr; z = elliptic 
arc, Q. A, and J z = A B. Then per similar sectors, H v : v r : : 
H A : A B, that is, 1 : i p : : H A : 3 z, tber. i z=i p x H A ; but 
Prop. XXII. H A = a— 2c+3c S 8 nearly, ther. iz = ip (a — 2c 
-j-3 c S 8 ) = (a — 2 c) ip-j-3cS 8 ip; but S 8 =4(l — cos. 2p), ther. 
3c 3c 

iz=(a— 2 c) ip + — ip— — cos. 2 pip. By integration z= 

z 2 

( a p _ ^sin.2p = a p — ^(p+1 sin. 2p), an expression 



which needs no correction. 

Let M N be an arc of the elliptic meridian, 

p' the latitude of M, one of its extremities, 
p" that of N, the other extremity ; we have 

EM=ap' — ^(p'+l 8in - 2 <P) 

EN =ap"-J(p''+4.sin.2p'') 

<5 

1 * And their difference EN — EM, that is, 

MN=a(p'-p')-^ | (p"— p')+|(sin. 2 p" — sin. 2 p') j. 
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In which equation a and c are the only unknown quantities. 
In like manner by the measurement of another arc of the meri- 
dian, another equation will be obtained, in which a and c are the 
only unknown quantities. Hence the values of a and c become 
known, from which the axes may be determined. 

Thus. If l=length of an arc measured, 
m=p"— p'=co-efficient of a, 

n= x| sin.2p') | =co-efficient 

of c, 

And if l'=Iength of another arc, 
m'=co-efficient of a, and 
n'=co-efficient of c ; then we shall have 

m a— n c = l, and m'a— n'c = 1' ; whence a = — ^-! , c = 

mn'— m'n 

m 1— ml c ml —ml' 

— » and — = — — — • 

mn— m n a n 1-nl 

r, • i j , , , ma — 1 m'a — 1' 

It is also evident that c = = , and b = a— c. 

n n' 

Prop. XXIV. 

A degree of the earth’s equator is the first of two mean pro- 
portionals between the last and first degrees of latitude. 

Let R and r represent the radii of curvature corresponding to 
a degree of latitude at the poles and at the equator, and C E the 
radius of the equator. 

We have to prove that C E = l/r R*. 

Per Cor. 1 and 2, Prop. VI. R = -2JL an( j r _ ^ P* 

• • i ■ CP’ CE;.- 

Then }/x R* = X (Tps = E’=C E, as required. 

l. 

Prop. XXV. . 

i . l v i .■ VI. I » t; . '4. . , :•» . V . 

If A be the center of Curvature at H, the vertex of the trans- 
verse axis, and F, the center of curvature at W, the vertex of the 
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conjugate axis, and AF and HW be joined; the right-angled 
triangles H C W, A C F, will be similar. 




C W* H C 2 

By Cor. 1 . and 2. Prop. VI. H A = , and WF= 

CW* HC’-CW* 

ther. HC-HA= AC=HC — HC" = He 5 and WF 

H C* HC-CW ! „ . t 

— W C=C F = -Qyj — C W = ^ Hence it will be, 

HC’-CW* . HC’-CW 1 

asACiCF::—^- CW~ " CW.CH. 

Therefore Def. 1. 6 : E. the triangles HCW, ACF are si- 
milar. 

Corollary. 



By producing FA to O, the triangles A O H, ACF will be 
similar, and F O at right angles to H W. 



Prop. XXVI. 

If the evolute ALF of the elliptic arc HPW intersect the 
ellipse in L, and the rectangle ACFG he completed, to deter- 
mine the ordinate L M parallel to C H, when C F is greater than 
the semi-conjugate CK. 

Produce G Ato P; draw PE parallel, and LD perpendicular to 

TT . CW’ .. 2CH 5 -CW> 
HI. By Cor. 1. Prop. VI. H A= -jr^- AI= ' 



* 
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f UT4 

Then (16 Ellip.) A P 2 =B E 2 = (2CH , -CW ! ) = m s .-. 

AP=m. Put AM = BL = BD=x; then x + m = L E, and 

x- m = E D. Ther. (16 Ellip.) PE’=LM J = ~ (x 2 - m 2 ) = 

C H* • A M a — C W 4 (2 C H S -CW') 

C H 2 .x C W> 

Corollary. 

Since the evolute ALF is always within the right-angled tri- 
angle A C F, it is evident that it will not intersect the ellipse 
when W F is less than W K. 

• Prop. XXVII. 

To determine the co-ordinates AM, ML, at any point L of 
the evolute ALF. 




G T 

Let L P represent the radius, and P N half the chord of cur- 
vature at any point P. 

Put H T = x 
CH = a . 

CW =b 
a 2 — b 2 = v 2 

Sin. P L N=s, and cos.=c. 

Then per Prop, of ellipse PT = ^ v'Sax -x 2 . 
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By Cor. 1 . Prop. VI. HA = — 
And Prop. XV. LP = 



b 8 
a 

a 8 b 8 



a 8 b 8 



(a 8 — v* s 8 )^ (b s +v‘c s )* 

, a 8 b 8 s _ a 8 b 8 c 

Per trig. PN = r, and LN = T* 

(a 8 — v 8 s 8 )* (b 8 +v 8 c 8 )* 

But PN-PT=TN=AM, and LN+TH-H A=LM. 



That is. 



And 



a 8 b 8 s 



(a 8 -? 8 s 8 )* a 



\Z2ax-x* = A M, 



a 5 b* c 



(b 8 -fv 8 c 8 )* a 



b 8 

1-xrsML. 



Corollary 1. 

When the angle PLN becomes 90 degrees, then s=l, c=0, 
PT=CW=b, HT=HC=a, A M=C F, and LM=F G. The 

a 8 a 8 — b 8 

two preceding expressions will then become — — b = — -- — = 

, b 8 a 8 — b 8 

C F, and a = = F G. The same as determined in 

a a 

Prop. XXV. 

Corollary 2. 

If the angle PLN become nothing, then s=0, c=l, and H T 
=x=0 j when this is the case, both A M and M L become 
nothing. 

Corollary 3. 

. . .< a » 

The length of the whole evolute ALF = FW — AH = — — . 

b 8 a 3 -b 3 

— r it *i> 4 

a a b . 

• » » 

Corollary 4. 

The length of any p?rt of the evolute AL= LP-AH = 



a 8 b 8 _ V f a 8 _ 1 V 
(a 8 — » 8 s 8 )^ a 1 (a 8 — v 8 s 8 )^ a j 
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The following Examples will show the usefulness of some of 
the foregoing Propositions. 

Example 1. 

To determine that point in the curve of a given ellipse, which 
is at the greatest distance from the extremity of the conjugate 
axis . — Mathematical Repository, No. 13. ' 




Let KI W represent half the elliptic section, K\V the conju- 
gate, and C I the semi-transverse axis, draw the ordinate P ft ; 
and K P at right angles to the tangent P T, intersecting Clin 
X ; then will the angle P X I, or the angle K P ft, represent the 
latitude of the required point P, and K P* the required distance. 

By Cor. 1. Prop. XXVIII. Ellip. ft K : ft C : : C I 2 : C K 2 ; by 
division ft K-ftC : ft K : : C I 3 -C K 2 : C I* ; or CK:ftK :: 



* That K P must be at right angles to the tangeut P T, may be thus de- 
monstrated: 

Let W T a tangent at W meet the tangent P T in T ; draw the semi- 
diameter C D parallel to the tangent P T, and join K T. Then (Scholium 
to Prop. XIV. Ellip.) WT J : TP 1 :: CP : CD 2 , ther. (Prop. XXXV. 
Ellip.) W T is greater than T P, and as the angles at P and W are right 
angles, and K T common to both the triangles KPT and K WT, we have 
(47-1 . E.) K W 2 =K T ! — T W 2 , and K P ! =RT’-T P’, but T W is greater 
than T P ; therefore K P is greater than K W. 

That is, KP (at right angles to the tangent PT) is greater than any 
other straight line that can tye drawn from K to the carve. 
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Cl*— CK 2 : C I*. ther. ft.K = 



C K x C I* 



~ C l 2 — C K 2 is; 2 — n 2 



• ; (t=tang.KPft): 



by Prop. XXXVII. Ellip. PQ = — = 

V m 2 + n 2 1 * 

Then per trig. P Q,' : ft K : : rad. : tang. K P ft. That is, 

— * , t J n 3 

— , or t = 

m 2 + n 2 1 2 v 2 



v/m 2 + n 2 1 2 v 
m n 



: : 1 : t ; ther. 
m n 



y/ys _ n 4 ^/(fn 4 — 2 m 2 n 2 -J- ~ n< ) \An 2 — 2 n 2 

Hence KP_^ (Cli ^ CK . 2) - 



Example 2. 

If the earth be an oblate spheroid, the ratio of whose axes is 
230 to 229, in what latitude will the line of motion, in which a 
' heavy body falls to the earth, make the greatest angle with one 
drawn perpendicular to the surface, and how much is that 
angle ? — Lady's Diary, 1806. 




Let HWI represent half the elliptic meridian passing through 
the required latitude R ; H I the equatorial, and C W half the 
polar axis, and join I W. Then by Proposition XL. Ellip. we 
have the following construction and computation. 



Construction. 

Draw C R parallel to I W, and draw the normal R D, and 
D R C will be the required angle. 



Tang. D R C 



Computation. 
CP-CW 2 CI+IW 
2CI xCW“2CIxC\V 



(CI-CW=1) 
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230+229 459 1 • 

2 x 230 x 229 ~ 105340 — 229-5 ’ corres P ondl, 'g to 14'. 58 '|. 
But the angles G R C and G R D are complements to each 
other; therefore 90°-CRG = GRD = 90°-(C RD + DRG), 
that is, 2 G R D = 90° -C R D ; or G R D=45°-£ CRD, there- 
fore 90°-G RD=GDR=90°-45° + 4 CRD=45° + ^CRD 

=45° . 7' . 29" . 22"+, the required latitude. 

Example 3. 

To determine a place on the earth, where a degree of the meri- 
dian is equal to a degree of the equator ; the ratio of the axis to 
the equatorial diameter being that of 229 to 230 .— Lady’s 
Diary, 1802. 

Put 230=a, 229 =b, a’ — b’=v s , S= nat. sin. of the required 
latitude, and R the radius of curvature of the meridian in the 
proposed latitude. 

Then by Prop. XV. R = but the lengths from 

(a’ - v a S’)* 

the degrees being as their respective radii of curvature, and from 

the conditions of the question, we have i-J 5 = a ; from 

(a 5 - v ! S’)* 

whence S’ = _ a’-(ab’)* .,,306 , 

a*— b* ~ a+b ~ ta "' D - IJ 459• • 

306 — 

•Log. S = Log. v' = 1-9119544, corresponding to 54°. 44'. 
8", the required latitude. 



Example 4. 



Given the earth’s axes, 7977 and 7940 miles, to determine, by 
a simple and accurate process, the radius of curvature in appa- 
rent latitude 50° .23'. — Gentleman’s Diary, 1805. 



Put 7977=a; 7940=b, a’ — b’=v’, and nat. sin. 50° . 23' =S ; 

a’ b’ 63632529 X 63043600 



then (Prop. XV.) 2 R = 



(a’-v»S*)* 



(63283059) 



i 



N 
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7968*9 

7968*9. Then R = — — — = 3984*45 = the required radius of 
z 

curvature. 

In Prop. XV. a and b represent the serai-axes ; but in this 
example they represent the whole axes ; ther. 2 R is used in- 
stead of R. 

Example 5. 

To find in what latitude a degree of the meridian is equal in 
length to two degrees of longitude in the same latitude, the earth 
being considered as an oblate spheroid, the axes of which are as 
229 to 230. — Lady's Diary, 1810. 

Put 230= a, 229=b, a 3 — b 3 =v 3 ; S, C, T=sin. cos., and tang, 
of the required latitude ; R = radius of curvature of the meri- 
dian, and r=radius corresponding to a degree of longitude. 



By Prop. XXXVII. r = 



a 5 



by Prop. XV. R = 



V a 4 -(-b a t 3 

a* b 3 

_ But from the lengths of the degrees being as 

(b 3 +v 3 C 3 )*’ 

their respective radii of curvature, and from the condition of the 
a 3 b 3 2 a 3 

question, we have = • But a*-f-b 3 T 3 

(b 3 +v 3 C 3 )* (a 3 +b* T 3 )"* 

b 3 S 3 a 3 C 3 +b 3 (l-C 3 ) b 3 +(a 3 -b 3 )C 3 _b 3 +v 3 C 3 . 

~ a+_ C i C 3 ~ C* — C 3 ’ 



ther. 



b 3 



(b 3 +v 3 C 3 )* I (b 3 + v 3 C 3 )* (m 3 )* 

c 



» or 



b* 



e c . . b* 

that is — 

(m 3 ) T * m> ‘ 

« 



2 C 



- ^ 2 C ra 3 =b 3 ; or 2 C X (b 3 + v 3 C 3 )=b 3 ; ther. v 3 C* + 

m 

b 3 C = — • In a sphere V 3 =o ; C= J=cos. 60°: But if, in- 

stead of the cos. C, we substitute its equal = ~, ^e above 

sec. f 

2v> 



b 3 



b 3 



equation will become — j + — = -g- .*. f J -2 = -jjp = 
2<a> b T — = ^x2(a-b=Di (*-S) X ** = ^ 



b» 
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— 001 75053 ; hence <p = 20043559 = sec. 60°. 4'. 18". 7. In 
2S0 

a sphere = 1 ; ther. $> s -2?> s =0; hence <p= 2=sec. 6^°. 
Example 6. 

If an ellipsoid, whose revolving semi-axe is 8, and its fixed 
semi-axe 5* inches, be cut by a plane in latitude 50° . 22’ , 18' 
at right angles to the meridian, and inclined to the horizon in 
an angle of 70° ; to determine the area of the section made by 
the cutting plane, and the solidity of the separated parts. 




Let HW IK represent the plane of the meridian through P, 
the given latitude, tZsPthe elliptic section, PZ the common 
section of the two planes, forming with the tangent PT an angle 
ZPT equal to 70°, intersecting HI in z; draw PX at right 
angles to PT meeting HlinX, draw the semi-diameter CF 
parallel to P Z ; through V the center of PZ draw q Vg parallel 
to the transverse axis HI, whose conjugate isWK; join CV, 
which produce to intersect the meridian in h and p, and join 

CP. 

C K* 

By Prop. XXXVII. Ellip. PX C\/C • C K* 

*5573; C= cos. and T — tang. P X I — 50° . 22* .18 ; then in 
the triangle PX z, are given PX and all the angles, to find X z 

C H s — CK 1 _ 

=1*651, and Pz = 3*718; CX — ^/CH 1 — -T** CK* 

(ibid.), therefore zl = 3106, and Hz = 12894, then per Scho- 
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Jium to Prop. XIV. Ellip. we have HzxzI:PzXzZ::CI* : 

r U2 y P 17 

c = c- pi+f.CH») (ibid ) C=C0S - t==Ung - H C F = P z I= 

70°. 22'. 18" = (5-6716)* z Z = E** 21 *^ .-* = 5414. 
v ' P z x C I s 

Therefore Pz+z Z=PZ=9132 ; and P V=V Z=4-566. 

Again per Scholium to Prop. XIV. Ellip. we have q V X V g : 

PVxVZxCI* 



PVxVZ 
P V s x C I* 



CP : CP q VxVg = 



CP 



CP 



> but from the nature of the circle, q V X V g=square 

of the ordinate corresponding to the point V, or in this example 
to the square of the semi-transverse axis of the elliptic section 

P V* x C I* 

t Z s P ; ther. V t = V s = ✓ — = 6-4405, and thence 

t r* 



the transverse st = 12-881, whose conjugate axis is PZ. In the 
triangle C V z we have P V — P z=V z =0-748, C z = 4-894 and 
the angle C z V=70° . 22' . 18", to find C V=4-7318 ; and Prop. 
C V x C I 

XLV. Ellip. C p = — = 7-9769, hence Vh=l2-709 

■✓Cl* - (Vs )* 

and V p = 3-245. And from Dr. Hutton’s Mensuration, 



/'The area of the section P t Z s = 92-368' 

j Solidity of greater segment Z H W P = 1316-3 
"j Ditto - - less segment Z p I P - - = 158-2 
V Whole spheroid - -- -- -- -- = 1474-5 



inches. 



Example 7. 

In latitude 50° . 41' north the length of a degree on the meri- 
dian is 60851 fathoms, and the measure of a degree perpendi- 
cular to the meridian is 61 182 fathoms, to find the earth’s axes. — 
Trig. Survey, vol. i. p. 309. 

Put s=nal. sin. 50° .41', m=60851, p=61182, andd=57-29, 
&c. the degrees in a circular arc equal to radius. Let H = an 

arc corresponding to the nat. sin. of *✓ — j then (cor. 3. Prop. 
XVI.) p 
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dv'pinx — — j-=- = i the polar axis, 
cos. rl 

cos. lat. 

dp X — - . . . = ■§ the equatorial axis ; 
cos. H 

Log. d = 57-29, &c ■ . = 1-7581226 

Log. y'pm'= >/(61 182 x 60851). . .= 4-7854457 
2 log. cos. 50“ . 41' = 1-6036384 

61472067 

Log. = . . . = 1-9988220 

8 v p v 61182 

Log. sin. 50° . 41' = 1-8885479 

Log. sin. of H = 1-8873699 



2 log. cos. of H, subtract 

Diff.=log. 3468002 fathoms=£ polar axis 



Log. d . . . . . . . . » 

Log. p = 61182 

Cos. lat 



Log. cos. of H, subtract 

Difif. =3491417 fathoms =^ equatorial axis 



Example 8. 

Having at the same point the length of a degree on the meri- 
dian 60850 fathoms, and also that of a degree perpendicular to 
the meridian 61182 fathoms, to find the length of a degree form- 
ing an angle with the meridian equal to 81*. 56' . 53". — Lady’s 
Diary, 1801. 

Put p ss 61182, m = 60850, and s = nat. sin. 81° . 56' . 53". 
Then (Cor. 2. Prop. XVII.) 



= 1-6071274 



= 6-5400793 



= 1-7581226 
= 4-7866237 
= 1-8018192 



6-3465655 
= T-8035637 



= 6-5430018 
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Log. (p-m) = 332 = 2-5211381 

Log. p = 61182 = 4-7866237 

Log. ? — — . . Subtract . . . . = 3-7345144 
P 

Log. ^RZilL — 2-8672572 

Log. sin. 81° . 56' . 53" . . Add . . = T-9956973 



Log. sin. of an arc A = 2-8629545 



2 log. cos. of A 1-9976834 

Log. m = 60850 x= 4 7842606 

Diff. = log. 61175-45 = 4-7865772 



Therefore the length of the required oblique degree is 
61175-45 fathoms. 

Example 9. 

In latitude 51° .28' . 40">N. the measure of a degree on the 
meridian is 60868 fathoms, and in latitude 51° . 5' N. the length 
of a meridional degree is 60859 fathoms ; required the earth's 
axes . — Mathematical Repository, No. 14. 

Then (A) Prop. XVIII. 



Log.^g = log.4/«£f^ . . 


. = 1-9999786 


Log. sin. B = 51° . 5' . . . . 


. = 1-8910133 


Log. sin. E = 51°. 4'. 47”. 24'" 


. = 1-8909919 





. - 1-9999786 


Log. cos 51“ . 5' ..... . 


. = 1-7980906 


Log. cos. F=51° . 5". 8" . 11"' . 


. = 1-7980692 



Digitized by Google 




95 



Log. sin. A+B = 77°. 26'. 20". 0"'= 9 9894789 



Log. sin. A — B = 0.23 . 40 . 0 = 7-8378598 
Ar. comp. A+E =102 . 33 . 27 . 24 = 0 0105155 * 
Ar. comp. A-E = 0 . 23 . 52 . 36 = 21583037 

2) 19-9961576 

9-9980788 

A+B ‘ = 9-9894786 

A-B = 7-8378598 

Ar. comp. A+F= 102 . 33 . 48 . 11 = 0 0105253 

Ar. comp. A-F= 0 . 23 . 31 . 49 = 2 1646502 
.57 .29, &c. . . = 1-7581226 

d = 60859 = 4-7843248 

OE = 3491725 . . . = 6-5430401 



Log. sin. A+B = 9-9894786 

Log. sin. A-B. ...... = 7-8378598 

Ar. comp. A+F = 0 0105253 

Ar. comp. A— F . = 2-1646502 



2)0-0025139 
0 0012569 

A+B 9-9894786 

A-B = 7-8378598 

Ar. comp. A+E . 0-0105155 

Ar. comp. A— E = 2-1583037 

57-29, &c = 1-7581226 

d . . . . . . = 4-7843248 



OK =3466966 . . . . = 6-5398619 



Log. sin. A+F = 9-9894747 

Log. sin. A-F 7-8353498 

Ar. comp. A+E .......= 0 0105155 

Ar. comp. A-E ...... . = 2 1583037 



2)19-9936437 
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^ = 0-99270S6 
U L 



1)6 



= 99968218 



O K : O E : : 0 9927086 : 1 : : 231 : 232 696 
O K : O E : : 1 : 10073449 : : 231 : 232-696 
Or OK-rOE may be thus : 

From log. OK = 6-5398619 

Take log. O E . * = 6-5430401 

Remain same logarithm as above . . . 1-9968218 



Example 10. 

In latitude 66° . 20' N. the measure of - a degree on the meri- 
dian is 57438 toises, and the measure of a degree at the equator 
is 56757 toises, to find the earth’s axes. — Robertson’s Navigation. 



Article (C) Prop. XVIII. 

Log. d = 56757 . . . . = 4-7530194 

Log. D = 5743S v . . . = 4 7591993 

3) 1-9938201 

Cos. F= 5°. 34'. 34" . . . . = 7-9979400 

A=66 . 20 . 0 *“ 

71 . 54 . 34 = A+F 
60 . 45 . 26 = A-F 

* 7 — 



Log. sin. A+F ...„..= 9-9779827 

Log. sin. A— F = 9-9407941 

2) 19-9187768 

Log.(s. (A+F) S. (A-F)) 1 = 9-9593884 (a) 

Sin. A, subtract = 9-9618463 

r W - 

Log. hJI _ 0-9943565 . . = 1-9975421 
t H 
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Log- sin. A = 9-9618463 

Log. 57-29, &c = 1-7581226 

Log. d = 4-7530194 

16-4729883 

Log. (a) 9-9593884 

Log. C W in toises . . . . = 6-5135999 

Add* . . . 0-0276553 

Log. C W = 3477405 fath. . = 6-5412553 



« log. A =19-9236926 

Log. 57-29, &c = 1-7581226 

Log. d 4-7530194 

26 4348346 

2 log. (a) =19-9187768 

Log. C H in toises . . . . = 6-5160578 

Add 0-0276553 

Log. C H=3497140 fath. . = 6-5437131 



* Fath. : Toise : : 6 : 6-3945. Doctor Hutton's Dictionary. 
Ther. Fath, x6=Toisex 6-3945. 

Or Fath. = Toise, 



Toise = 6 — X F »th. 

6-3945 



Log, 



6-3945 
6 



= 0-0*76553 
= i"97*S447 



'S'' 
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Same Example, by Prop. XIX. 



Log. 57438 . . . . 
Log. 56757 . . . . 


• • = 4-7591993 
. . = 4-7530194 




3) 00061799 


Log. cos. 66° .20' ... 


00020599 
. . = 9-6035936 


Cos. A=66° . 12' . 50". 


.* . = 9-6056535 


Log. tang. A . . . . 
Log. tang. 66° . 20* . . 


. . =10-3557948 
. . =10-3582527 


. C W 

Log. 

° CH ‘ 


. . = T-9975421 


Tang, lat 

Log. 57-29, &c. . . . 
Log. 56757 . . . . 


. . =10-3582527 
. . = 1-7581226 
. . = 4-7530194 


Log. tang. A . . . . 


16-8693947 
. . =10-3557948 


Log. C W, in toises 


. . = 6-5135999 



2 tang. lat. ...... =20-7165054 

Log. 57-29, &c = 1-7581226 

Log. 56757 '. = 4-7530194 

27-2276474 

2 log. tang. A =20-7115896 

Log. C H, in toises . . . . = 6-5160578 



Each of the preceding methods brings out exactly the same 
answers, although the principles from whence they are derived 
are different. 
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Example 11. 

If . a = half the earth’s equatorial diameter, and b = half the 

g __ 

polar axis, and - - ■ = ; to find the ratio of b to a. 

From the given equation we have (300— 1) X a = 300 xb. 
Therefore b : a : : 299 : 300 : : 1 : |§° : : 1 : 1 + ^ ; : 1 : 1 + 
00033445. 



Example 12. 

Given the earth’s compression -j^, and the measure of a de- 
gree of latitude at the equator 56747 toises, to find the length of 
a meridional degree in latitude 30°. — Vince’s Astronomy, vol. ii. 
page 110 . * 



By Cor. 3. Prop. XX. D = 



1 - 3 e S 2 



-, where d=56747, 3e= 



(exam. 11.), and S 2 = *. Therefore D = 56747 ~ 

1 — 

1196 x 56747 67869412 

= - 11 9 3 — = 56889 toises, the required length 

of the meridional degree. 

Example 13. 

0 

From the data given in Example 9th, to find the ratio of the 
earth’? diameters by Prop. XXI. 



S sa Sin. 51° . 28' . 40" - - log. = 1-8934103 

s = Sin. 51 . 5.0 - - log. = T-8910133 

D = 60868 fathoms - - - log. = 4-7843890 

d = 60859 fathoms - - - log. = 4-7843248 

D — d = 9 do. ar. com. - log. = 1 0457575. A. C. 
log. 3= 0-4771213 

A = an arc corresponding to the sin.^^/ 

And 3 S,p -3s»d _ Cos. 2 A x S 2 x 3 D 



D-d 



D-d 
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First to find the arc A. 

Log. d = 4-7843248 

Ldg. D. ar. comp = 5-2156110 

2)1-9999358 

Log. 1-9999679 

' Log. 1-8910133 

Log. S. ar. comp = 0-1065897 

Log. sin. A=S3° . 56' . 44" . . = 1-9975709 

To find 3S*D— 3s*d 
D-d 

Log. cos* A = 2 0462862 

Log. S* = 17868206 

Log. 3 = 0-4771213 

Log. D = 4-7843890 

Log. D—d, ar. comp. . . . = 1-0457575 

Log. 138-16 = 21403746 

Hence CK : CH : : 138 16 : 139 16 : : 231 : 232-672. 

And C H : CK : : 138-16 : : 137-16 : : 232-696 : 231 Oil. 
Which very nearly agrees with Example 9th. 

Example 14. 

Given the earth’s compression -j^w, and the measure of. a de- 
gree of latitude at the equator 56747 toises, to find the length of 
a meridional degree in latitude 73°, by Cor. to Prop. 21. 

d = 56747 in. 73°. 

^ cos.* B cos.* B’ v T ” 

Log. 3 . 0-4771213 

Log. 299. ar. comp 3-5243288 

2)2 0014501 

1-0007250 

Log. sin. 73° ,>••••= 1-9805963 
Log. sin. 5° . 29' . 48" . . . = 2-9813213 
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. . . . = 1-9979984 
, 2 



1-9959968 

Ar. comp. = 00040032 

Log. 56747 = 4-7539429 

Log. 57272-5 = 4-7579461 

Therefore the length of a meridional degree 

inlat. 73° ‘ 

By actual multiplication and division . .• . =57272-5194 
By Vince's Astronomy, vol. ii. page 110 . . =57269 

Example 15. 

From the data given in Example 4th to find the radius of cur- 
vature, by Cor. to Prop. 22nd. 

. R = a=7977, b=7940, a-b=c=37, 

cos. A 

• 3c 

A=an arc, corresponding to S */ 

a 



Log. 3c = 111 . . . . 
Log. a = 7977 


. = 2-0453230 
. = 3-9018396 




2) 2-1434S34 


Log. sin. 50° . 23' ... 


1.0717417 
. = 1-8866756 


Log. sin. 5° . 12" . 49" . . 


. = 2-9584173 


Cos. 5°. 12'. 49". . , . 


. = 1-9961995 
2 




1-9963990 


Ar. comp 

Log. a— 2c=7903 . . . 


. = 00036010 
. = 3-8977920 


Log. 7968-8 


. = 3-9013930 



| =57272-5 toises 
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Ther. R = = 3994 4 = the required radius of curva- 

2 

ture. By Example 4th, the radius is 3984-45. 

In this Example, a and b represent the whole axes, therefore 
2 R is used instead of R. 

Examsie 16. 

Given the lengths of two meridional degrees at the equator, 
and in lat. 45° . N. 68-732 and 69 092 English miles respectively, 
to find the compression. 

Let*/H^ = v.. Then (Cor. 3. Prop. XVIII.) = 

(l+v)(l-vj 
2 sin. 3 45° 

Log. 69 732 . = L 8371590 

Log. 69-092 (a ■ C) . . . . = 2-1605722 

3)1-9977312 

Log. v = -99826 = 1-9992437 

Log. 1+v = 1-99826 . . . = 0-3006520' 

Log. l-v = 000174 . . . = 3-2405492 

Log. 2 (a • c) — 1-6989700 

Log. sin. 3 45' (a • c) . . . . = 0-3010300 

3-5412012 

Log. 287-6 arith. comp. . . . 2-4587988 

Therefore the compression is --*- - . By Cor. 2. Prop. XVIII. 

*o7 ’O 

The compression is • 
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CENTRIPETAL AND CENTRIFUGAL 
FORCES 

IN 

ELLIPTICAL ORBITS. 
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CENTRIPETAL FORCES, 




DEFINITION I. 

A centripetal force is that by which a moving body is conti- 
nually drawn from its rectilinear motion, and is perpetually soli- 
cited towards some center. 

DEFINITION II, 

A Centrifugal Force is the resistance made by a moving body 
to its being turned out of its rectilinear motion. And because 
action and re-action are equal and contrary, it follows that in a 
circle the centripetal and centrifugal forces are equal. 

* • 

DEFINITION III, 

The centrifugal force of a body at any point in its orbit, is 
equal to the centripetal force with which the body would describe 
a circle at the same distance, and with the same velocity, in a 
direction perpendicular to that distance. 
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Thus, let AFBD be an elliptic 'orbit described by a body 
about the focus S ; let F G be .described in an indefinitely little 
part of time ; join S F, S G, and draw the tangent F T, draw G P 
parallel, and G L perpendicular to S F ; with the center S, and 
distance SG describe the circular arc G m, and draw m z parallel 
to G L Then will GP represent the centripetal, and Ltn=Gz, 
the centrifugal forces at the point F. 

DEFINITION IT. • 

If a body describe an orbit round an immovable center of 
force, the areas described by lines drawn from the body to the 
center, are in the same plane, and proportional to the times. 



Proposition I. Fig. 1. 



If the ellipses AGD, agd, be described about the common 

focus S, and S QL, S q be drawn perpendicular to the tangents 

, , lT , , area SFG . area Sfg 

F P, f p ; vel. at F : vel. at f : : — 5 

r Su S q 

Let F G, f g, be described in indefinitely little equal parts of 

time ; and join S F, S G, S f, S g ; then will SQxFG : Sqxfg 

avn at- area SFG area Sfg 

: : area SFG: area Sfg; ther. — : — 5 2 : : F G : 

f g : : vel. at F : vel. at f. 

Cor. 1. In the same orbit, S FG=S fg ; in that case, vel. at 

F:vehatF::-L: * 

S0 Sq 

Cor. 2. When F, f, coincide with A, a, S Q=S A, and S q= 

area SAG. area Sag. 1 
S A S a S A 

■g-jj- (in the same orbit). 

Cor. S. If F, f, coincide with B, we then have vel. at B : 



S a ; then, vel. at A : vel. at a : : - 
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vel. at b : : 
orbit). 



area S B G 
SB 



area Sbg 1 1 .. __ 

S. ; : — - : (in tbe same 

Sb SB Sb' 



Cor. 4. IfF, f, coincide with N, n, then SQ = CN, and 

area S N G 

S q=c n ; we shall then have vel. at N : vel. at n : : — 

: area Sng _ . * . _L (i 0 the same orbit). AB, ND, ab, 

c n CN ‘ c n 

n d, the transverse and conjugate axes of the ellipses A G D, 
a gd ; and G, g, are always supposed to be indefinitely near to 
F and f. 



Prop. II. Fig. 1. 



If a body revolve in an ellipse AG D, to* find the centripetal 
force tending to the focus S. 

Let S be the focus of the ellipse, A B the greater axes, C the 
center, and C D half the less axis ; let F G, f g> be described in 
indefinitely equal parts of time; joinSF, SG, Sf, Sg; draw 
SQ perpendicular to the tangent at F, draw GP parallel to S F, 
and Cl parallel to FP; let F EH be tbe cirfile of curvature at 
F, and FE the chord passing through the focus. 

F G* veL* 

The centripetal force P G oc -jrg- °c pjj (!• cir* cur.Jj 



but (Cor. 1. Prop. I.) vel.' J oe 



1 

SQ» 



■ PG cc 



1 



■ ; but (31 



FExSCP 

SPxC D* 2 C I* 

Ellip.) S GP = rjr~~ > and ( 3 - cir - cur 0 F E = ’Xc ’ ther ‘ 



CA 

PG0C 2CP X 



CP 

CP 



* 1 



1 



C A 

SPxCD 1 a SF* X 2CD> “s F*’ 



because 



C A and C D are given. 

Therefore, centripetal force at F : centrip. force at f : : 

I 

: Sf*‘ 

• Prop. III. Fig. 2. 



If a body revolve in an ellipse AGD, to find the centripetal 
force tending to the center C. 
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Let C be the center of the ellipse, A B the greater axis, and 
CD half the less axis; let F G, fg, be described in indefinitely 
little equal parts of time; join CF, C G, Cf, Cg; drawCQ. 
perpendicular to the tangent at F ; draw G P parallel to C F, 
and C I parallel to F P ; let F E H be the circle of curvature at 
F, and F E the chord of curvature passing through the center C. 



By Prop. IT. P Goc ■ . t and (Cor. 1. .31- Ellip.) CQ’= 

r iL X L xx, 

A C* x C D* , „ . , SCI* . _ __ 

•; and (l.cir. cur.) FE = — ; therefore PG <x 



Cl* 



Cl* 



CF 

SCI* X C A* x CD* 



«CF x 



CF 

1 



2 C A* x C D* 



cc CF, because 



C A and C D are given ; therefore centrip. force at F : centrip. 
force at f : : C F : C f. 



. Prop. IV. Fig. 1. 

If a body be projected from a given point F, in a given direc- 
tion F P, with a given velocity, and at the same time be acted 
upon by a centripetal force, which varies inversely as the squares 
of the distances from S, it will describe an ellipse whose focus 
is S. 

Let S be the center of force, F the given point in the curve, 
and FP a tangent at F, the given direction; LetFG be de- 
scribed in an indefinitely little part of time; draw SF, SG; 
draw G P parallel to S F, and S Q perpendicular to F P ; and let 
L represent the latus-rectum. 

If the curve be an ellipse, we have (Prop. IV. V. cir. cur.) 

S F* : S a* : : ^ : L ; but (Prop.'II.) G P oc ■ therefore 
OF b r * 

SF* : SQ* : : GF*xSP : L = SQ*xG F*; but SP and the 

angle S F Gl are given, therefore S Q may be found ; and F G 

(being indefinitely little) will represent the velocity, which is also 

given; therefore L, the latus-rectum, is given. Hence we have 

sufficient data to describe the ellipse ; therefore the body will 

revolve in the ellipse with those data ; for it cannot describe 

any other curve with the same data. For a construction see 

Prop. XLVI. Ellipse. 
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• • 



•Prop. V. Fig. 1. 

Bodies describing ellipses AGD, agd, about the same com- 
mon focus S, with forces which vary inversely as the squares of 
the distances from the focus, will have their principal latera- 
recta to each other, in the duplicate ratio of the areas described 
in the same time. ( 

LetFG, fg, be described in indefinitely little equal parts -of 
time, joih SF, SG, Sf, Sg ; draw G L, gl, perpendicular, and 
GP, gp, parallel to SF, Sf, respectively ; put L=latus-rectum 
of AGD, and l=latus-rectum of agd. 

Then (area S F G) 5 : (area S f g) 5 : : S F 5 X G L 5 : S f* X g 1* ; 

But (5. cir. cur.) GL s =GPxL, and gl 5 =gpxl; 

But (Prop. II.) GP oe and g p oc J 

Therefore (area SFG) 5 : (area S fg) 5 : : L : 1. 

Cor. If one of the orbits (agd) be a circle, then I=diameter 
of that circle. In that case, 

Area in the ellipse : area in the circle : : V Latus-rectum : 
■v/Diam. 

Prop. VI. Fig. I. 

The squares of (he periodic times in all ellipses described 
about the same common focus, are as the cubes of their trans- 
verse axes. 

Let A B, N D, a b, n d, be the transverse and conjugate axes of 
the two ellipses AGD, agd, described about the common focus 
S; let FG, f g, be described in indefinitely little equal parts of 
time; join SF, SG, Sf, Sg; let P represent the periodic time 
in the orbit A N B D, and p the periodic time in the orbit a n b d ; 
put L and 1, for their respective latera-recta. 

Conceive the areas of these ellipses to be made up of the inde- 
finitely, little triangles SFG, Sfg; and as these areas are pro- 
portional to the times of describing, it will be 

PxSFG : pXSfg :: ANBD : anbd; 

But (Prop. V.), (SFG) 5 : (Sfg) 5 L : 1, 
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Ther. P*xL 
That is, P® : p 



p®Xl :: AB’xDN* : ab® : 
AB’xDN 1 ab®xdn* 
— L : 1 



dn®, 

: A B® 



ab®. 



Cob. 1. • The periodic times are as the rectangles of their axes 

directly, and subduplicate ratio of their latera-rec’ta inversely. 

_ _ ABxDN . abxdn 

For, P, : p : 



v/L 



V i 



Cor. 2. If the ellipses become circles, the trausverse and 
conjugate diameters, and the latera-recta become equal to each 
other ; then the squares of the periodic times will be as the cubes 
of the diameters. .* 



Cok. 3. If one of the ellipses (a bud) become a circle, the 
diameters of which are equal to the transverse diameter A B ; 
the periodic times in- the ellipse and circle will be equal. 



Pkop. VII, Fiu. 1. 



If in bodies describing ellipses AGD, agd, about the same 
common focus S, with forces which vary inversely as the squares 
of the distances from the focus, S Q, S q, are perpendiculars to 
the tangents at F, f, and L, I, are put for the principal latera- 
recta, then 



Vel. at F. 



vel. at f 



y'L 
SQL : 



\/l 

Sq 



Le't FG, fg, be described in indefinitely little equal parts of 
time ; join S F, SG, Sf, Sg; then F G, fg, will represent the 
velocities at the points F, f. 

And SFG : Sfg :: FGxSQ : fgxSq :: y'L : v'l 
(Prop. V.) ; 

\Tl 

Ther. ■ . „ : - — : : F G : f g : : vel. at F : vel. at f. 

SO Sa ° 



Cor. 1. The latera-recta are to each other as vel.® x perpend.® 
For, F G® x F Q® :fg®xfq®:: L : I :: (vel.® at F)x SQ® : (vel.® 
at f) X S q®. 

Cor. 2. If the ellipses become circles, then L=2 AC, SQ= 
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AC, 1=2 a c, Sq=ac; and the analogy in the Proposition 
becomes, , 



Vel. at F • vel. at f : : : 



AC 



A B, a b, being the transverse axes. 



•/ 2 a c 
ac 



• 1 1 

v'AC v* a c ’ 



Cor. 3. When F coincides with A, then SQ=SA; and^if 
the ellipse anbd becomes a circle whose radius=S A=Sq, and 

therefore 1=2 S A ; we have F G : fg : : ~ : : : VT: 

S A b A 

\/2 S A ; that is, vel. at-F : vel. at f : : \/L.: S A. • 

Cor. 4. In the same manner, when F coincides with B, and 
the ellipse anbd becomes a circle, we have vel. at F : vel. at f : : 
\/L : v'SSB: 

Cor. 5. When F coincides with N, then SF=SN=AC, and 
Sft=CN. And if the ellipse anbd, becomes a circle whose 
radius=SN=AC, therefore 1=2 AC, andSq=AC, the gene- 



ral proportion becomes F G : f g : : 
• f j .._L_ 2AC 2 2 

g CN* : AC* : : AC : AC 



a/T v/2AC. 
CN : AC ’ 

.•. F G=fg. 



ther. FG 3 



Therefore the velocities of bodies revolving in ellipses at the 
mean distances, are equal to those in circles at the sam% dis- 
tances. 



Cor. 6. If the ellipse anbd becomes a circle, whose radius= 
SF=Sf=Sq; and ther. 1=2SF; we then have FG* : fg 3 :: 
L 2SF 2 

gQi : ■gpT = sf ; ther. FG* : fg* :: SFxL : 2xSft* :: SF 

X|L: SQ*; or, F G : f g : : s/SFx -JL : S ft : : vel. in ellip. : 
vel. in circle when the distance SF=radius of the circle. 



Prop. VIII. Fig. 1. 

Let the ellipses A G D, a g d, be described about the common 
focus S, with forces which vary inversely as the squares of the 
distances from the focus ; then angular vel. at F : angular vel. at 
f . . SFG . Sfg 
SP ' Sf* ' 



r 
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Let FG, fg, be described in indefinitely little equal parts of 
tune; join SF, SG, Sf, Sg; and we then have SFxSGxsin. 
FSG : SfxSgxsin. fSg :: SFG : Sfg; # 

. SFG . Sfg 

Ther. sin.FSG : sin. fSg :: SFxSG * sfxSg’ 

, , SFG, Sfg 1 1 

That is, ang. vel. at F" : ang. vel. at f r . gpa ’ gfs **SF s *Sf* 
in the same orbit ; for then SFG, Sfg would be equal. 



Cor. 1. Ang. vel. at F : ang. vel. at f : : ^ (Prop. V.) 

Cor. 2. The angular velqpity in an ellipse at a mean distance, 
is to that in a circle at the same distance, as the conjugate axis to 
the transverse axis. 

When F coincides with N, then SF=SN=AC, and SQ= 
CN; and if the ellipse anbd becomes a circle whose radius= 
SN=AC=Sf, then 1=2 AC. 

Let p=angular velocity in the ellipse, and 8=angular velocity 
in the circle ; then the proportion in cor. 1. will become, 
y/L . y/2AC . /T -. 

9 AC* ' AC 



y/L : y/2AC ; 



Of MS 

Ther. p* : 6’ : : L : 2 AC : ~ = 2 AC : : 2CN*:2AC‘; 

That is, <p: 6 : : C N : A C : : ang. vel. in ellip. : ang. vel. in 
circle. 



Cor. 3. Since <p : 8 



y/L . y/2 AC 
ITf 3 AC 1 ’ 



then if £ = 6 



y/ L 

’ SF 3 



y/2AC . g ACVL _ AC- x CDxy/2 
AC 3 ‘ ‘ ~ y/aAC ~~ y/ACx\/2 y/AU 



ACxCD; ther. SF= y/ACxCK 
Hence the distance in the ellipse may be found, at which the 
angular velocity is equal to that in the circle at the same dis- 
tance. 



Prop. IX. Fig. 1. 

Let AGD be an ellipse, described by a body acted upon by a 
centripetal force tending to the focus S. 
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The centrifugal force at F : centrifugal force at f 



_1 1 _ 

SP : Sf»\ 



Suppose the body in the same indefinitely little part of time 
to describe the arcs FG, fg; with the center S, and distances 
S G, S g, describe the circular arcs G m, g v ; draw G L perpen- 
dicular to S F, and g 1 perpendicular to S f ; then £. m will re- 
present the centrifugal force at F, and 1 v the centrifugal force 
at f. • 



Because F G, fg, are indefinitely little; SPxGL’=Sf ! X 

, GL> gl* GL S gl» , , 

g 1* ; and Lm : 1 v : : : : : : > ultimately ; but 



GL* 

SF 



Sf*xgl* gl* SPxGL* 

"sr 1 and sr = sr* 



therefore L m : 1 v 



Sf* X gl' . SPxGL* 1 . 1 

1 SF* 1 Sf* :: SF* : Sf>‘ 

Ther. centrif. force at F : centrif. force at f : - 3 -= : ttt; . 

SP Sf* 



Prop. X. Fio. I. 

Let A G D be an ellipse described by a body acted upon by a 
centripetal force tending to the focus S; then centripetal force 
at F : centrifugal force atF::2SP:SQ*XFE. 

Let F H be the diameter of the circle of curvature at F ; F E, 
the chord of curvature passing through the focus S ; draw S Q 
perpendicular to the tangent at F. and G L perpendicular to 
S F ; draw G z parallel to F P ; with the center S, and distance 
S G, describe the circular arc G m, and join H E. 

In the similar, triangles G L z, S F Q, we have G z* : G L’ : : 
S P : S Q*. But centrip. force at F : centrif. at F : : F z : L m ; 

Q Q |j| Q JJ| 

■But (ultimately) Fz= — , and L m = i therefore 

SF* SQ* • - ! 

F z : L m : : : — - ::2SF:SQ*xFE:: Centrip. force at 

r h 2oF 

F : centrif. force at F. 

„ . _ „ SPxCD* . . 

Co*. 1. By 31 Elhp. SQ’ = — ^ — » and (3 cur. cur.) 

a 
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FE = 



2 Cl’ 



. ther. S Q* x F E = 



2SPxCD* 



hence we have 

2SPxCD* 

AC :t 



AC > AC ’ 

centrip, force at F : centrif. force at F : : 2 SP : 

C D’ 

S F : i- S F : 4 latus-rectum. 

A L , 

Corollary 2. 

If the centripetal force G P=F z, at any point F, be put = M, 
and the centrifugal force at the same point, be put = N, 
the principal latus-rectum being t T = X Y - ------ - L, 

We shall then have the following proportions : 

f Any point in the 
| Ellipse, 

the point A, 
the point B, 
DorN, 

T or t, 

X or Y. 



M : N 



r cd* 


• 


" 


SFi Ic 


:: SF : |L 




•“•ss 


:: CB : BS 


-- 


+SB - AC 


:: CB: AS 


CQ 

CB 


SN : C » 


:: CB’ : CD 1 


01 


AC 




-S3 

tv 


CD’ 




> 


S 8t : AC - 


: : 4 L : 4 L 1 




£ Therefore 


--- M = N ) 




isx- CD8 .- 

r x - ac” 


AB-4L:4L 





Scholium. 

Hence it appears that if a body revolve in an elliptic orbit 
AGD, about the focus S, and is acted upon by a centripetal 
force, which varies inversely as the squares of the distances from 
the focus, during the time the body is describing the space 



. 8A . C+CS , <AW><A«-£B „ AC , AC _ 

AC A a - 



CS :: CB : BS. 

♦ SB: ™1: ; AC-CS 



(AC+CS)(AC— CS) .. A „. AP+ 
A C 



CS s: CB : AS. 

t S X+X M=S AC S X=i A C— MX=A B— j h. 
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TDt, the centripetal force will exceed the centrifugal force : 
and while it is describing the space tBT, the centrifugal force 
will exceed the centripetal fbrce : and at the points t and T, the 
both forces will be equal. 

Prop. XI. Fie. 1. 

If a body, describe an ellipse AGD, about the focus S, with 
forces which vary inversely as the squares of the distances from 
the focus ; the velocity in the ellipse is to that of a body revolv- 
ing in a circle at the same distance from the center, in a less 
ratio, than to 1. 

Let AB, DN, be the transverse and conjugate diameters; S, 
M, the foci, and C the center; let FG be described in an inde- 
finitely little part of time ; join S F, S G, S N, M F ; draw G P 
parallel to S F, and Cl parallel to the tangent FP; let FEH 
be the circle of curvature at F, and FE the chord passing 
through the focus S. 

r 2C fa 

Then (1. cir. cur.) vel. a %/PG xFE oc vPGx — — , /g c ir- 

A l-/ * 

cur.) ; in a circle C I=C A ; in that case, vel. ce a/PGx 2 AC; 
ther. vel. in the ellipse at F : vel. in a circle at the same dis- 
/ 2C1* ofp 

tance :: vPGx : */PG x2AC : : : v'S’SF 

, • 2SF y FM 

(in the circle AC=SF) : : ^ : \/2 S F : : vTTvT : 

Vac :: \/2 A C — S F : VAC; by 26 Ellip. SF xMF=CI j , 
and 10 Ellip. FM=2AC- SF. Therefore the velocity in the 
Ellipse at F, is to the velocity in a circle at the same distance, as 
\/2 AC— SF to VAC, which is always less than y/2 to 1. 

Cor. When SF=SN=AC (6Ellip.), then the velocity in 
the ellipse in F is equal to the velocity in the circle. 

Prop. XII. 

Supposing a body acted upon by a centripetal force tending 
to the focus S, describe the ellipse B F A D, to be projected from 
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a given point F, in a given direction F ft with a given velocity, 
to find the axes of the ellipse and the periodic time. 




Let A B be the greater axis, C D half the lesser, and S, M, the 
foci ; suppose F G to be an indefinitely small part of the curve 
described in the particle of time t, and f a space, a body will 
descend at F in the time t by the centripetal force ; join S G, 
and make the area S B k equal to S F G ; demit the perpendi- 
culars Sft, M K, k w, and put s for the nat. sin. (rad. 1.) of the 
angle SF ft, or M F K ; we shall then have 

S ft 8 : S B* : : B k 2 : F G* from the equal triangles, 

SB 8 : SP :: f : Bw proposition 9; 

A B : 4CD 8 : : B w : B k 1 proposition- 5 cir. cur. 

4CD 3 : 4SQ:: MK: 1 proposition 96 ellipse. 

From whence A B. S ft : 4 S P : : f. M K : F G 8 . 



Therefore A B = 



4 f.MK.SP 4f . SF (A B— SF) 

Sft.FG 2 “ F G 8 



4f.SF 8 
4f.SF — FG 8 ’ 
.■. CD = — 



and C D» = s s . SF (A B-SF) = 



s 8 . S P . F G 8 
4f.SF— FG 8 



s.SF.FG 



and FM = A B-SF = 



(4 f . S F — F G 8 ) T 

SF.FG* 



4f. SF— FG 8 ' 



Now since F M and the angle M F K are given, the focus M is 
given; therefore the position of the transverse axis AB is 
given. 
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To find the Periodic Time. 

By putting p for the circumference of a circle whose diameter 

is unity, fhe area of the ellipse will be AB . 2CD . ^ as 

2psf.FG.SP _ s.SF.FG 2psf.FG.SP 

(4f.SF— FG S )* * (4f. SF— FG')^ 

: — — — time of one revolution. 

(4f.SF— FG*)^ 

„ , 4CD* s'.FG' l4 . .. 

Cob. 1. = — a — = latus-rectum of the transverse 

A B i 

axis A B. 

Cor. 2. The transverse axis and periodic time will remain 
the same, wliatever-be the angle of direction S P Q j for their 
values are not affected with s. 
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Prop. I. Fig. 1. 

Let A B C be any curve whose axis is A D ; and let E F G be a 
curve line, so related to A B C, that if from any point H in A D 
there be drawn H B perpendicular to A D, meeting the curves 
ABC, EF G, in B and F, and if from B there be drawn the 
tangent B f, meeting A D in f, so that fHxHF:HB 5 ::p:q, 
a given ratio ; and if A E be drawn perpendicular to AD; then 
will f H x H F=2 x area A E F H. 

Let A H be divided into indefinitely little parts, in the points 
K, L, M, &c. ; draw K N, L O, M P, &c. parallel to H B, meet- 
ing the curves in .N, O, P, Q, R, S, &c. ; draw BT parallel to 
AD; and let HBxBT=fHxHF, and join HT; draw N.V, 
OX, PY, &c. parallel to AD; and let NZ be a tangentto the 
curve at N ; let NVwnect B H in a, and OX meet BH, NK, 
in b, c. 

Because HBxBT=fHxHF,BT:HF::fH: H B : : Na 
(K H) : Ba, (the triangles fHB, NaB, being considered as 
similar); ther. aBxBT=KHxHF. Again, because ZKx 
KQ: KN* (Ha») :: P: q:: fHxHF: II B 2 , and Ha': Hax 
aV::HB>: HBxBT; ther. ZK X KQ : Haxa V : : fH X 
HF : HBxBT; therefore ZKxKQ=H aXa V .-. Va : KQ. 
:: ZK : Ha (KN) :: oc (LK) : CN (ab); ther. Vaxab= 
KQxLK. . 

Again let PY meet BH in d, and in the same way it is 
shown that dbxbX=Ml!xLR, and so on ; ther. the sum of 
the rectangles a B T, b a V, d b X, &c. is equal to the sum of the 
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rectangles K H F, LKQ, M L R, &c. But the former sum may 
be considered equal to the triangle HBT, and the latter sum to 
the figure AEF H : but fHxHF=H BxBT=double the tri- 
angle HBT; ther. fH x HF = 2 x area AEFH. Q.E.D. 

„ , • L IIr „„ HB' KN', 

From the general proportion we have H F : K Q : : --rj- : - - » 

i rl / iy 

that is, H F, K Q, &c. are as the squares of the ordinates directly, 
and subtangents inversely. 

Prop. II. Fio. 2. 

Let there be a curve ABC, whose axis is A D ; and let E F G 
be. a curve, whose asymptote is A H, perpendicular to A D ; let 
the curves be so related to each other, that if from any points 
B, C, in A B C, there be drawn B K, C D, perpendicular to A D, 
meeting the curve EFG in F, G ; and let B L, C M, be tangents 
to A B C at the points B and C ; and if MDxDG: LKxKF 
:: CD : BKj the figure HADGE=MDxDG. 

Draw F N parallel to B L ; let CD be divided into indefi* 
nitely little parts in O, P, Q, R, S, &c. ; draw OT, PV, ftX, 
RY, SZ, & c. parallel to AD; and draw T a, V b, Xc, Yd, 
Z c. &c. parallel to C D, meeting the .curve E F G in f, g, h, k, 1, 
&c. ; draw the tangents T m, V o ; and let V P meet T a in p. 

Because F N is parallel to B L, B K : K<L : : F K : K N ; ther. 
BKxKN=LKxKF; but (bypoth.) MDxDG : LKxKF :: 
CD:BK::CDxKN:BKxKN.-.MDxDG=CDxKN; 
ther. DG : KN :: CD: MD :: CO:OT(Da) .-. GDxDa= 
COxKN. 

Again, because m a xa f : LKxKF :: sT: BK :! aTx 
KN : BKxKN.-. maxaf=aTxKN; ther. af : KN :: Ta 
:am::Tp:pV (a b) .\ a f X a b=K N X T p=K N x O P; In 
the same way it may be shewn that gbxbc = PQxKN, and 
soon ; therefore GDa-j-fab+gbc-(-Scc.=COxKN-|-OPx 
KN+PQxKN+&c.=(C 0+0P+PQ+&c.)xKN=CDx 
KN=MDxDG; but the sum of the rectangles G D a, fab, 
g b c, &c. may be considered equal to the figure H A D G E, as 
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well as C 0+0 P+P Q+&c.=C D ; t^er. H A DG E=M Dx 
DG. Q.E.D. 



Pbop. III. Fig. 3. 

Let a body descend in the line A B from A, supposing any 
centripetal force whatever : let C D E be a curve, such, that if 
from any two points F G, F D, G E, be drawn perpendicular to 
A B, so that centripetal force at F : centripetal force at G : : F D 
: G E, and A C be drawn perpendicular to A B ; then will velo- 
city at F : velocity at G : : */ A C D F : ■vAA C E G. 

Let A H K be a curve, such, that if from any points F, G, 
there be drawn F H, G K, perpendicular to A B, so that F H : 
G K : i vel. at F : vel. at G, and H L, KM, be tangents to the 
curve in H, and K ; let F N, G O, be spaces passed over, in an 
indefinitely little part of time ; draw NP, OQ, perpendicular to 
AB; and HR, KS, parallel to ABj and let KGxGT=FHx 
GE, orGK:FH::GE:GT. 

Because F H : N P : : vel. at F : vel. at N, 

And • - - - GK:OQ:: vel. at G : vel. at O, 

Also - - - - P R : Q S :: incr. of vel. at F : incr. vd % 'at G, 

The velocities being as the forces and times, and the times 
being equal, the velocities are therefore as the forces : therefore 
PR : Q.S :: cent+p. force at F : centrip. force at G : : F D : G E 
::FDxFH : GExFH=KGxGT; and because the spaces 
F N, G O, are passed over in the same time, and the spaces being 
as the velocities and times ; 

Tber. vel. F : vel. at G : : F N : G O : : H R : K S. 

But HR:RP::LF:FH::LFxFD:FHxFD; 

And RP: QS:; FDxFH : KGxG'T; 

Ther. H R : U S : : LFxFDrKGxGT; 

But QS :SK::KG:GM :: KGxGT: GMxGT; 

Tber. HR:SK::LFxFD:GMxGT; 

But vel. at F : vel. atG::HR:K3 ::FH:GK (bypotb.) 

Ther. F H : GK : : LF x FD : GM X GT : : FH* : FH X 
GK : : F HxGK : GK*; 
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But (hypoth.) FH : GK : : GT : GE :: GTxMG : GEx 
MG:: FHxGK: GK‘; 

Ther. LFxFD : M G xG E : : F H* : GK*; ther. (Prop. 1), 
L F X F D—l X area ACDF, and M G xG E=2 X ACGE. 

Then LFxFD: MGxGE :: ACDF : ACGE ::FH* : 
G K a ; . 

Ther. F H : G K : : y/ A CDF : y/A C G E : : velocity at F : 
velocity at G. Q. E. D. 

Prop. IV. Fig. 4. 

Let a body descend from A, in the line A B with any centri- 
petal force, and let C D E be a curve, such, that if from any two 
points F, G, F D, G E, be drawn perpendicular to A B, and that 
G E : F D : : vel. at F : vet. at G ; and let A H, perpendicular to 
A B, be the asymptote of the curve C D E ; then will the 

Time of descent through A F : time of descent through A G 
:: H.AFDC : HAGEC. 

Let A K L be a curve, such, that drawing F K, G L, perpendi- 
cular to A B, so that 

F K : L : : time of descent through A F : time of descent 

through A G, draw the tangents KM, L N ; and let F O, G P, 
be the spaces passed over by the body in an indefinitely little 
part of time, when atFandG; draw OQ, PR, perpendicular, 
and K S, LT, parallel to A B. 

Because P R : G L : : time descent through A P : time descent 
through AG, 

And Oft : F K : : time descent through A O : time descent 
through A F, 

Then R T : Q S : : time descent through G P : time descent 
through F O, 

But, the time of descent through G P=tbe time of descent 
through F O, 

Therefore R T=Q S. Because the spaces G P, F O, are passed 
over in equal times. 

The vel. at G : vel. at F : : G P : F O : : L T : K S, 
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Since, MFxPD:MFxEG: :FD: EG:: LT: KS, 

And MFxEG :FKxEG::MF:FK::KS:SQ, 

Ther. MFxFD : FKxEG :: LT: SU(RT) :: NG: GL 
:: NGxGE: GLxGE. 

And MFxFD : NGxGE :: FKxGE : G LxGE : : FK 
: GL. 

Therefore (Propu II.) HAFDC=MFxFD, and H A G E C 
=NGxGE; 

Hence FK : GL:: HAFDC : HAGEC; 

Ther. time of descent through AF : time of descent through 
AG:: HAFDC;HAGEC. Q.EID. 



Prop. V. Fig. 5. • 

9 

Suppose a body to descend from A, in the line A B, and A C 
D E to be a curve so related to A B, that if from any two points 
F, G, there be drawn F C, D G, perpendicular to A B, and that 
the vel. at F : vel. at G : :*>/F C : \/G D, and the tangents C H, 
D K, be drawn ; then will the centripetal force at F : centripetal 



force at G 



FC GD 

fh : gk' 



« 



Let L M N be a curve so related to A B, that C F, D G, being 
produced to M and N, the centripetal force at-F : centripetal 
force at G : : F M : G N ; take F O, indefinitely little, draw O P 
parallel to F C ; take G (i equal to F O, and draw Q R parallel 
toGD; draw .C S, D T, parallel to A B ; produce P O and RQ, 
to meet the curve L M N, in V and X ; and draw A L perpen- - 
dicular to A B. • 



Because vel. at F : vel. at G : : \/F C : \/G D::\/LAFM: 
v/LAGN (Prop. III.) 

Ther. LAFM : LAGN :: FC : GD; which proportion 
shows the relation of the curves A C D, L M N, to each other. 
Ther. LAOV : LAFM :: OP: FC, 

And, MFxFO: LAFM :: OP-FC : FC :: SP: FC, 
But, LAFM : LAGN::FC:GD, 

Ther. MFxFO : LAGN :: SP : GD, 

Also, LAGN: LAQX::GD:QR, 
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Ther. LAGN: NGxGQ::GD: QR-GD=RT, 

And, MFxFO : NGxGQ :: SP : RT, but F O 5= G Q 
(liypotb.) * 

Ther. FM : GN :: MFxFO : NGxGQ :: SP : RT, 
Because F 0 and G Q, are indefinitely little, the triangles 
HFC, CSP, may be considered as similar, as well as the 
triangles KGD and DTR. 

Ther. HF : FC : : CS(FO) : SP.-. PSxH F=CFxFO, 
In the same way it may be shewn, that RTxG K=DGxGQ, 
Ther. PSxJIF : RTxGK : : CFxFO:DGxGQ::FC 
:DG::CFxGK:DGxGK, 

Hence P S x H F : CFxGK :: RTxGK : DGxGK :: 
RT:DG::RTxHF:DGxHF, 

Ther. PSxHF : RT)?HF :: CF X GK: DGxHF :: PS 
: R T : : F M : G N, 

Hence, FM : GN:: CFxGK; DGxHF, 

But hypoth. centrip. force at F : ceptrip. force at G : : F M : 
GN, 



Ther. centrip. force at F : centrip. force at G : : F C X G K : 



GlfxFH 



FC GD 
FH : GK- 



Q. E. D. 



Prop. VI. Fig. 6. 



If a body acted upon by a centripetal force, tending to a fixed 
center, describe a curve line, the adgular velocity <of the body 
round the fixed center will be reciprocally as the square of the 
distance of the body from’ the center. 

Let A B C be any curve described by a body that is acted 
upon by a centripetal force, tending to the center S ; draw S A, 
S B, to any two points A, B, in the curve ; the angular vel. of 

S A : angular vel. of S B : : S B* : S A* : : T-rj '• o^5i ' 

Let A D, B E, be described in indefinitely little parts of time ; 
join S D, S E : with the center S, and radii S D, S E, describe 
the arcs F H, E K, meeting S A, S R, S E, in F, G, H, K. 
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Because AD, BE, are described in equal times, the triangles 
A S D, BSE, will be equal. 

Ther. sin. A S D : sin: BSE:: SBxSE: SAxSD, 

That is,DF:GH::SB*:SA 3 ::~ : 

AD, BE, being indefinitely small. Q . E . D. 

Prop. VII. Fio. 7. 

Let S A, SB, be two right lines intersecting each other in the 
pointS; and AC, BD, perpendicular thereto; and let AE, 
B F, be indefinitely little parts described by bodies moving 
therein in an indefinitely little part of time ; and let B F* : A E* 
: : S B : S G, 

Then, centrifugal force at B : centrifugal force at A : : S A : 
S G ; . 

That is, F L : E H : : S A : S G, 

Join S E, S F ; with the center S, and radii S A, SB, describe 
circles meeting S E in H and K, and SF in L and M. Because 
BP=FMxFL, and AE‘=EKxEH, BP : AE* :: FMx 
FL.EKxEH. 

But B F, A E, being indefinitely small, we may consider. M L 
sMF, and KE=KH, 

Ther. BP : AE’ :: LMxFL : KlfxEH :: SLxFL : 
SHxEH ; 

But, BF»: AE*::SB(SL): SG :: SLxLF : SGxLF, 

Ther. SLxFL : SHxEH :: SLxLF : SGxLF, 

Hence SHxEH=SGxLF.-. FL:EH::SA : SG. 

But F L=centrifugal force at B, 

And EH=centrifugal force at A, 

Ther. centrifugal force at B : centrifugal force at A :: S A 
: S G. Q. E. D. 

Prop. VIII. Fie. 8. 

Let ABC be any curve, described by a body that is acted 
upon by a centripetal force, tending to the center S : the centri- 
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fugal force at B : centrifugal force at A : : S A s : S B* : : ggj : g^-y 

Suppose a body in the same indefinitely little part of time to 
describe the arcs AD, BE; draw D K, EL, perpendicular to 
S A, SB; complete the parallelograms A K F D, B L E G, and 
let B G* : F A’ : : S B : S H ; join S D, S E, S F, S G. Because 
the arcs AD, BE, are indefinitely little, they may be consi- 
dered as straight lines ; the force acting in the direction A D, 
may be resolved into the forces A F, A K ; likewise the force 
acting in the direction B E, may be resolved into the forces B G, 
BL Because AD, BE, are described in equal times, the 
triangle# S D A, SF A ; S B E, S B G, will be equal to each other. 

Ther. S A* : SB 5 : : BG* : AP :: SB : SH SA»xSH 



= SB 3 . 



Ther. S A’ : SB 5 :: SA* : S A*xSH : : S A : SH. 

But (Prop. VII.) centrifugal force at B : : centrifugal force at 
A : : S A : S H. 

Ther. centrifugal force at B : centrifugal force at A : : S A 5 : 



SB* 



1 1 

: : SB J : SA* 



Q. E. D. 



Prop. IX. Fig. 9. 

Supposing a body acted upon by a centripetal force tending 
to the center S, to be projected at the point A, in the direction 
A B, perpendicular toS A ; and suppose in an indefinitely little 
part of time, the body would describe AC by the projectile force 
alone ; let A D be the space that would be described in the same 
time by the centripetal force tending to the center S ; then. 

Centrifugal force at A : centripetal force at A : : A C* : 2 S A 
X AD. 

Join S C, and with the center S, and distance S A, describe a 
circle meeting S C in E and F. 

Because CE: AD :: CExFC : ADxFC :: AC* : ADx 
F C, and C E being infinitely little, we may consider F C=F E ; 
then ADxFC=ADxFE=2SAxAD. 

Ther. CE: AD:: AC*:2SAxAD. 

And, centrifugal force at A : centripetal force at A : : AC* : 
2 S A X A D. Q.E.D. 
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Prop. X. Fio. 10. 

Supposing a body, in an indefinitely little part of time, to 
describe the part A D with an uniform velocity, and a body 
acted upon by a centripetal force tending to the center S, to 
describe the part A E, in the same time : then 

Vel. at E : vel. in A D : : 2 A E : A D. 

Because the time in which A E is described is indefinitely 
little, the centripetal force may be considered as acting uni- 
formly during such little part of time, therefore the body, with 
the velocity acquired at E, acting uniformly, would describe 
twice A E in the same time that A E was described, that is, in 
the same time that AD was described with an uniform velocity ; 
therefore, vel at E : vel. in A D : : 2 A E : A D. Q. E. D. 

Prop. XI. Fio. 11. 

Supposing a body acted upon by a centripetal force tending 
to the center S, to descend in the straight line A S from the 
point A ; let there be a curve C*D E, such, that if from any two 
points A, B, there be drawn AC, B D perpendicular to A S, so 
that the centripetal force at A : centripetal force at B : : A C : 
B D ; alsolet the body at the point B be projected in the direc- 
tion B F, perpendicular to js B, with the velocity that would be 
acquired in falling from A to B. 

The centrifugal force at B, arising from the projectile force 1 

in the direction BF - -- -- -- -- --5 
Centripetal force at B, tending to the center S - - - - : : 

2 X space CABD: SBxBD. 

Let the body, in an indefinitely little part of time, descend 
from B to H by the centripetal force ; and in an equal time, let 
the body, by the projectile force in the direction B F, describe 
B G ; draw H K parallel to B D, and let D B X B L=C A B D. 

Because (Prop. III.) vel. at B, by falling from A to B, : 
vel. at H, by falling from B to H, : : 
v/CXBD : v'DBHK, 
t 
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and the space CABD = DBxBL, and DBxBH=DBH K, 
because B H is indefinitely little ; 

Ther. vel. at B : vel. at H : : ■s/D B x B L : V’DBxBH : . 
y/L B : y/BK 

But the vel. at B, by falling from A to B, is equal to the velo- 
city in B F ; ther. vel. in B F : vel. at H : : y/LB : y/BH ; 

But (Prop. X.) vel. in B F : vel. at H : : B G : 2 B H ; ther. 
BG : 2BH :: V'LB : y/BH .-. BG ! : 4xBH J :: LB : BH :: 

4 B H X L B : 4 B H* .-. B G*=4 L B X B H ; but (Prop. IX.) cen- 
trifugal force at B : centripetal force at B :: BG* :2SBxBH 
: : 4 L BxB H:2SBxBH::2LB:SB:: 2LBxBD:SB 
xBD,:: 2xC ABD : SBxBD. Q.E.D. 

Corollary. 

In S B take any point a, and draw a c parallel to B D ; let the 
body at the point B be projected in the direction B F, perpendi- 
cular to S B, with a velocity that would be acquired in falling 
from B to a ; • 

The centrifugal force at B arising from the projectile force ? 

in direction BF - s.J 

Centripetal force at B, tending to the center S - - - - : : 

2xcaBD : SBxBD. • 

This may be demonstrated in the same way as the proposi- 
tion. Or it may be shewn that the centrifugal force at a : cen- 
tripetal force ata::2xcaBD:Saxac. 

Prop. XII. Fig. 12. 

Let a body acted upon by a centripetal force tending to the 
center S, describe the curve ABC; and let AD, BE, be tan- 
gents to the curve at any points A, B, in the curve ; let SD, SE, 
be perpendicular to A D, B E. 

The vel. at A : vel. at B : : S E : S D. 

Join S A, SB, and let A F, B G, be parts of the curb described 
in indefinitely little equal parts of time ; join S F, S G, because 
AF, BG, are described in equal times, the triangles ASF, BSG 
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will be equal ; therefore AF:BG::SE:SD; but A F : B G 
: : vel. at A : vel. at B. Therefore the vel. at A : vel. at B : : 
SE.SD. ft.E.D. 

Prop. XIII. Fie. 13. 

If a body acted upon by any centripetal force, be any way 
moved, and another body descend or ascend in a right line, and 
their velocities be equal in auy one case of equal altitudes, their 
velocities will be also equal at all equal altitudes. • 

Let a body descend from A, through D and E to the center 
C; and let another body move from V, in the curve VBk; 
from the center C, with any distances infinitely near to each 
other, describe the circles D B, E K ; draw C B, meeting K E in 
N ; on BK let fall the perpendicular NT; and imagine the 
bodies at D and B to have equal 4 velocities : then, because the 
distances CD, C B, are equal, the centripetal forces in D and B 
will be equal. (Prop. VIII.) Let these forces be expressed by 
the equal lines D E, B N ; and let the force B N be resolved into 
the forces N T and T B ; the force N T will not affect the velo- 
city of the body in the curve; but the other force BT will be 
employed in accelerating it. Because B and K, and likewise D 
and E, are indefinitely near to each other; the accelerating 
force from B to K, and from D to E, may be considered uniform ; 
therefore the accelerations of the bodies in D and B, produced 
in equal times, are as the lines DE, BT; 

Ther. vel. at E : vel. at T : : D E (B N) : B T ; 

But because B N K is a right angle, BN= V'BT X i/B K ; 

Ther. vel. atE : vel. at T : : y'Ffx a/BK : BT : : </BK : 

•/BT; 

But, vel. at K : vel. at T : : */B K : */B T, (the spaces being 
as the squares of the velocities) ; 

Ther. vel. at E : vel. at T : : vel. at K : vel. at T ; 

Therefore the velocity at E is equal to the velocity at K. 

a e. d. 
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Prop. XIV. Fio. 14. 

Let there be a semicircle whose diameter is A B, and center 
C ; bisect C B in D ; draw D E perpendicular to A B, and join 
AE. If from any point F in the semicircle there be drawn 
F G, perpendicular to A B, meeting A B in G, and A E in H, 
the D E a will be greater than F G x G H. 

Let E K, a tangent at E, meet A B in K, and F G in L, and 
join C E ; then by a property Of the circle, C K : C E ; : C E : 
CD, or C K : C B : : C B : C D ; because C B=2C D .-. C K = 
2 C B .•? C B=B K=C A ; 

And because BD=DC .•. AD=DK. 

And because AD a :ADxAG::AD: AG::DJ:GH:: 
DE’:DExGH; 

Ther. AD J : DE* : : ADx AG : DExG H. 

Since AGxGK: AG xDA::GK: AD(DK) : : G L : DE 
: : GLxG ft : DExGH; ther. A G x^G K : LGxGH :: AG 
xAD:DExGH; 

Hence AD* : DE*::AGxGK: LGxGH. 

But A D 5 is greater than AGxGK; ther. D E s is greater 
than LGxGH ; but G L is greater than GF, therefore DE ! is 
greater than F G x G H. Q. E. D. 

Prop. XV, Fig. 15. 

In the straight line A B, take B C, so that A C may be triple 
C B ; and let D be any point in A B ; the ratio of the cube of 
D A to the cube of A C will be less than the ratio of B C to 'B D. 

Upon AB describe a semicircle AFB ; and let CF be per- 
pendicular to A B ; join A F, and draw D G parallel to C F, 
meeting A F in H ; and let KDxD H=C P. 

Because KDxDH=CP; DH:CF::CF:DK; 

ButDH:CF::AD:AC::CF:DK; 

Ther. AD*: AC* :: CP : DK 5 :: AD 3 : AC*xAD; 

But, AC'xAD : AC 3 :: AD : AC :: ADxCB: ACx 
CB=CP; 

Ther. AD 3 : AC 3 :: ADxCB :DK»; 

But (Prop. XIV.) C F- is greater than G D X D H ; 
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Therefore K D x D H is greater than G D X D H ; 

Hence K D is greater than G D ; or K D 2 greater than G D* ; 

But GD*=ADxDB; ther. K D* is greater than A D X D B ; 

Hence the ratio of A D X B C to A D x B D, or of B C to B D, 
is less than the ratio of ADxBC to DK S ; 

Ther. the ratio of A D 5 to AC 5 is less than the ratio of B C 
to B D. 

Prop. XVI. Fig. 16. 

Let A be a given point in the straight line A B ; and C D E a 
curve, such, that if from any two points C, D, there be drawn 
C F, D G, perpendicular to A B, so that At? : A P : : C F : 
D G, and that A H=4 H F, and C H be joined ; then will C H 
be a tangent to the curve in the point C. 

From any point K, in C H, draw K <5 perpendicular to A B, 
meeting A B in G, and the curve in D. Because A H = 
4HF .•. HF=£AH; and AH-HF=AF=AH— |A H = | 
A H ; ther. AF : HF :: 3:1 AF=8HF; hence (Prop. 
XV.) AG 5 : A P is less than H F : H G ; but (hypoth.) A G s : 
AF a : : C F : D G ; and F H : H G : : F C : G K, (by sim. tri- 
angles) ; therefore C F : D G is less than F C : G K ;• therefore 
DG is greater than G K; therefore .the point K is without the 
curve C D E. In the same way it is shewn, that any other point 
in C H is without the curve CD E ; therefore C H is a tangent 
to the curve C D E at the point C. Q. E. D. 

Prop. XVII. Fio. 17. 

Let A be a given point in the straight line A B, and CDEi 
curve, such, that if from any two points D, E, in the curve, there 
be drawn D F, EG, perpendicular to A B, DF : EG:: AG' : 
A P ; — also draw A H perpendicular, and D E L, parallel to 
AB; then will the space DKLE=3xDFGE, and AFx 
FD-AGxG E=2 x D F G E. 

Suppose K L to be divided into indefinitely little parts in M, 
N, &c. ; draw MO, N P, &c. parallel, and O V, P X, &c. per- 
pendicular to AB ; let DF, OV, PX, meet M O, N P, LE, in 
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q, r, s ; and let T be a point in A B, such, that A T=4 FT, and 
join D T. , 

Because (Prop. XVI.) AG’jAP^DFiEG, and AT = 
4FT; DT will be a tangent to the curve at D ; and because 
M O is indefinitely near to D K, the triangles D F T, D q O, may 
be considered as similar ; ther. DF:FT : : D q : q O, .■ . FT 
xDq=DFxqO=FO; but because AT=4FT, AF=3FT 
• AFxDq=3t*'TxDq. - .DM=3FO. The same way it 
may be shewn that ON =3 VP, P L=3EX, &c. But DM + 
O N+P L+&c.=D K LE, and F O+ V P+E X+&c. =DF G EJ; 
ther. 3 F 0-4*3 V P+3 E X + &c.=D KLE, therefore the space 
DKI,E=3xDFGE. 

•Again let D F meet E L in Y, because D K L E=3 xDFGE 
DL+DYE=3DYE + 3FE, or DL=3FE+2D YE= 
FE+2FE + 2 DYE=F E + 2xDFGE; add LFtoboth 
sides of the equation, then D L+LF=FE+2xDFGE+LF 
A D = A E+2 X DF GE, ther. AFxFD— AGxGE=2x 
DFGE. Q.E.D. 

Prop. XVIII. Fio. 18 . 

Let S be a given point in the straight line A S, and C D E a 
curve, such, that if from any two points A, B, there be drawn 
A C, B D, perpendicular to A S, 

BD : AC :: AS 3 : SB 5 ; andletSA=SF. Then, 

SAX AC : CABD :: 2SB a : ABxBF ; likewise, 
SBxBD:CABD::2SA s : ABxBF. 

Let AS»xSG=SB s .-. AS*: SB 5 ::SB:SG; 

Because BD: A C : : A S» : S B 3 (A S J XS G) : : AS : SG; 
Ther. ACxAS=SGxBD; 

Hence SBxBD: SAX AC:: SBxBD:SGxBD::SB: 
SG.:: AS* : SB 1 . Ther. AS S — SB* : SB 3 :: SBxBD— S A 
X AC : SAX AC. 

That is, FBxAB : S B* : : SBxBD-S Ax AC : SAx AC; 
But (Prop. XVII.) SBxBD— SAx AC=2xCABD, 

Ther. FBxAB : SB*:: 2xC ABD : SAxAC, 
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OrFBxAJB:2SB» : : 2C ABD : 2SAXAC :1 CABD : 
SAxAC. 

Again, because S B x B D : SAxAC': : AS 5 : SB 5 : : 2 A S s 
: 2 S B a ; * 

• And- - S'AxAC : C ABD : : 2SB S :FBxAB, 

Therefore S BxBD : C ABD :: 2SA* : FBxAB. Q.E.i>. 

Prop, XIX., Fig, 19. 

The law of centripetal force being given, and the quadrature 
of curves being granted, it is required to find the trajectory in 
which a body will move, that sets out from a given place, with 
a given velocity, in the direction of a given right line. 

Suppose A E F G to be the trajectory : with the center C, and 
distance C A, describe the circle APQ; draw AY, C Z, per- 
pendicular to C A ; with the asymptotes C A, C Z, let there be 
an hyperbola described passing through the point Y ; let S R T 
be a curve, such, that drawing any line C F P, meeting the 
trajectory in F, and the circle in P, and with the center C, and 
distance CF, a circle be described meeting CA in K, andKR 
be* drawn perpendicular to C A, meeting the curve in K, the 
space S A K R will be double the sector A C P. Let fall C B 
perpendicular to A B, the given right line in which the body is 
projected ; let A E, F G, be indefinitely little parts of the trajec- 
tory described in equal times ; 'with the center C, and distances, 
C E, C F, C G, describe the circles E H, F K, G L ; and let the 
circle G L meet C F in M ; let D A be the space through which 
the body would fall, so as to acquire, at the point 'A, a velocity 
equal to that with which the body is projected in the direction 
A B ; let C X be to C K as the velocity that would be acquired 
in falling from D to K, to the velocity that would be acquired in 
falling from D to A ; draw La parallel to K R, meeting the 
curve in a; join CG, and let it meet the circle APQ in Q; 
and let K R meet the hyperbola in V. 

Because the body sets out at A, to describe the trajectory with 
the velocity acquired in falling from D to A, and C F is equal to 
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C K, the velocity at F will be equal (Prop. XIIT.) tp the velocity 
acquired in falling from D to K ; 

Ther. (hypoth.) vel. at A : vel. atF;:CK:CX::AE:FG; 
But because A E, F G, are described in equal times, the tri- 
angles C A E, C F G are equal ; ther. AExCB = CFxGM= 
CKxGM .-. CB : CK :: GM : AE::CX:FG, 

Ther. CB* :CX* :: GM ! : FG* .-.CX*-CB* : C B* : : FG 5 
-GM 1 : GM* :: FM 5 : GM*. 

Again, because from the nature of the curve, SRT, the space 
SAL a=2 X sector CAQ, and S A K R=2 X sector CAP, ther. 
RKLa = 2xsector CPG; and because K L is indefinitely 
little, KRxKL=CPxPQ, 

Ther. KL:PQ::CP:KR:CA:KR; 

But PQ : G M : : CP : C M=C L = CK::CA:CK::KV 



: AY=C A; 

Ther. KL:GM::KV:KR::FM:GM; 

Hence, 'KV*: KR* :: FM 1 : GM* :: CX*-CB* 
ther. K R is given. 



From whence may be deduced the following 



: CB*; 



Construction. 



Draw A Y, C Z, perpendicular to C A, and let A Y be equal 
to C A ; with the asymptotes C A, C Z, let ther.e be an hyper- 
bola described passing through the point Y ; and let the body 
set out from A in the direction of the right line AB, with the 
‘velocity acquired in falling from D to A ; draw C B perpendi- 
cular to A B ; and let K be any point in AC; let C X be to 
C K, as the velocity that would be acquired in falling from D to 
K, to the velocity that would be acquired in falling from Djo A ; 
let SRT be a curve, such, that drawing K V perpendicular to 
AC, meeting the hyperbola in V, and the curve SRT in R, 
K V* : KR* : : CX*-C B* : C B* ; let A Y meet the curve SRT 
in S; — with the center C, and distance C A, describe the circle 
APQ; draw C P, such, that the area S A K R may be double 
the sector CAP; and with the center C, and distance C K, de- 
scribe a circle meeting C P in F : F will be a point in the tra- 
jectory. Q. E. I. • 
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Prop. XX. Fro. 20. 

Suppose a body, acted upon by a centripetal force tending to 
the center S, to descend in the right line AS; let there be a 
curve C D E, such, that if from any two points A, B, In A S, 
there be drawu AG, B C, perpendicular to A S, the centrip. 
force at A : centrip. force at B : : A C : B E. Suppose the body 
at the point B to be projected in the direction BE, perpendi- 
cular to S B, with the velocity that would be acquired in falling 
from A to B ; and let the centrifugal force at the point B, 
arising from the projectile force, be greater than the centripetal 
force at B : It is evident that the body will recede from the 
center S : In S A take S G, equal to the greatest distance the 
body will recede from the center : The sum of the centrifugal 
forces that have acted upon the body while it receded from the 
center, through the space B G, will be equal to the sum of the 
centripetal forces that have acted upon the body in the same 
time. 

Let SBxBF=2xCABE; in BE take B H, so that BH J = 
CABE; draw S K perpendicular to S $ ; with the asymptotes 
SB, SK, describe an hyperbola to pass through the point H ; 
let BLM be the trajectory described by the body ; suppose the 
body at the point L in the trajectory ; and let L M, BO, be de- 
scribed in indefinitely little equal parts of time ; join S L, S M, 
S O ; with the center S, and distance S L, describe the arc L G 
meeting S A in G ; and with the center S, and distance S M, 
describe the arc M N meeting S L in N ; draw G D perpen- 
dicular to S A, meeting the curve C D E in D, and the hyper- 
bola in P. 

Because BO, LM, are described in equal times, and the 
velocity in a circle equable, 

L M : B O : : vel. at L : vel. at B : : vel. at G : vel. at B : : 
•/ C A G D : v^C A B E (Hypotb. and Prop. III.) ; 

Ther. LM 1 : BO* :: CAGl5 : CABE :: CAGD : BH* 
(hypoth.); and because the triangles SLM, SBO, are equal, 
B O 5 : M N* : : S L* (S G*) : SB»::BH*:GP (propor. of hy- 
perbola) ; ther. LM* : MN 1 :: CAGD : GP*. Hence it is 

T 



Digitized by Google 



138 



evident, that when L M = M N, CAGD=GP*; and therefore 
S L=S G, will be the greatest distance the body will recede from 
the center S. 

Let there be a curve F Q, so related to S A, that if from any 
two points B, G, there be drawn BF, GQ, perpendicular to 
S A, the S G 3 : SB 3 : : B F : Gft; produce G S to R, and let 
SR = SG. 

But (Prop. Xi.) centrif. force at B : centrip, force at B : : 2 X 
C ABE : SBxBE :: SBxBF : SBxBE :: BF : BE (be- 
cause SBxBF = 2xC'ABE); therefore, because BE repre- 
sents the centripetal force at B, B F will represent the centri- 
fugal force at B ; but (Prop. VIII.) the centrifugal forces are re- 
ciprocally as the cubes of the distances from the center : there- 
fore it is evident, that while the body receded from the center 
through the space B G ; , ’ 

The sum centrif. forces : sum centrip. forces :: FBGQ : 
EBGD; 

And because B H’=C A B E, G P S =C A D G ; 

Ther. CABE : CA(jD : : BH* : GP 3 :: SG* : SB 2 (hyper, 
bola) ; 

Ther. CABE: EBGD :: SG 5 : SG , -SB s =BRxBG; 

Ther. SBxBF : EBGD :: 2SG* : BRxBG; but^Prop. 
XVIII.) SBxBF : FBGQ : 2SG* : BRxBG; 

Ther.SBxBF:FBGQ::SBxBF:EBGD, FBGQ 
=EBGD; 

Therefore the sum of the centrifugal forces that have acted 
upon the body while it receded from the center, through the 
space B G, will be equal to the sum of the centripetal forces 
that have acted upon the body in the same time. 

Corollary. 

From this it is evident, that the sum of the centrifugal forces 
that act upon a body while it revolves from apsis to apsis, is 
equal to the sum of the centripetal forces that act upon if in the 
same time. 
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Prop. XXI. Fig. 21. . 

Let there be an ellipse whose transverse axis is A B, and foci 
D, E; produce DA to F;and let DF be equal to AB; upon 
D F let a semicircle be described ; draw DG, DH, to any two 
points in the ellipse ; and draw D K, D L, perpendicular to G K, 
H L, tangents to the ellipse at G and H ; with the center D, 
and distances D G, DH, describe the circles GM, HN; draw 
MO, NP, perpendicular to AD ; and join D O, meeting N P in 
Q; then will DK : DL : : N P : NQ. 

Join EG; and draw ER perpendicular to the tangent GK. 
Because D G+G E=A BeDF, and I) G=D M ; tber. D M+ 
GE=DF.-.GE = DF-DM=FM; then DM : FM :: DG 
: GE; but DMxMF=MO* .*. DM’ : MO 1 :: DM : MF :: 
D G : G E ; because K R is a tangent at G, the angles D G K, 
EGR, will be equal ; and the angles at K and R being right, 
the triangles DGK, EGR, are equiangular ; ther. D K : E R : : 
DG : GE : : DK 1 : DKxER :: DM*: MO*, but (26 Ellip.) 
DKxER=ADxDB; ther. DK* : ADxDB : : DM* : MO*. 

In the same way it is shewn that DL* :ADxDB::DN“ 
; NP*; 

Ther. ADxDB :DL*::NP*:DN»; 

ButDK* : ADxDB :: DM* : MO* ::DN* : NQ»; 

Ther. D K* : DL* : : NP* : NQ 1 ; or, DK : DL :: NP : 
NQ. Q.E.D. 

Corollary. DK*:ADxDB::DG:GE. 

Prop. XXII. Fig. 22. 

Let there be a semicircle whose* diameter is A B ; and let 
ADE be a curve, such, that if from any two points D, E, there 
be drawn. DC, E F, perpendicular to A B, meeting the semi- 
circle in G, H, and joining B G, meeting FHinK, EF:DC:: 
F H* : F K s , the curve ADE, will be an hyperbola : and let 
DL, EM be tangents at D, E; EFxC L : DCxF M : : BC* .* 
B F*. • 
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Bisect A B in C ; produce E F, so that F 0=D C ; through 
O, draw P N parallel to A B, meeting AN, BP, perpendicular 
to A B, in N, P ; and D C in R. 

Because E F : D C : : F H s : F K* ; and F H’= A F x F B, and 
FK S = FB* (because CG = CB) therefore, E F : D C (F O) : : 
AFxFB : FB S :: AF : FB; 

Hence EF+FO : FO : : AF+FB : FB; 

That is, EO : FO(AN) : : A B : FB : : NP : PO .-. EO X 
PO=AN xNP; 

Therefore the curve ADE is an hyperbola whose asymptotes 
are P B and P N. 

Again, let DC, and the tangents DL, EM, meetPN in R, 
N, Q. Because a tangent drawn at any point in an hyperbola 
to meet the asymptotes is bisected in the point of contact ; N R 
= R P, and Gt O = O P ; and because EF : FM::EO:OQ 
(OP) : : EFx LC : FMxLC :: EO* : OPxEO. Agaih, be- 
cause LC : CD :: NR : RD :: PR : RD :: LCxFM :CD)f 
FM :: PRxKD:RD*::EOxOP:RD* (prop, of hyper- 
bola); but EFx LC : FMxLC ::E0 5 : OPxEO; ther.EF 
xLC : CDxFM : : E 0 s : R D s ; because E O x O P=D R x 
R P, EO:DR::RP:OP::CB:BF.-,EO«:DR*::CB* 
: BP;: EFxLC : CDxFM. O.E.D. 

Prop. XXIII. Fig. 22. 

Suppose a body to descend or ascend in the line A B ; let C, 
F, be any two points in AB; draw CG, F H, perpendicular to 
A B, meeting the semicircle described upon A B in G, H ; join 
B G meeting F H in K. If the vel. at F : vel. at C : : F H : FK, 
then will the centrip. fores at F : centrip. force at C : : B C s : 
BP. 

Let ADE be a curve, such, that if from any two points D, 
E, there be drawn DC, EF, perpendicular to A B, meeting the 
semicircle in G, H, and joining BG, meeting F H in K; EF : 
CD:: HP 'FK 1 ; and let DL and EM be tangents to the 
curve at D, E. 

Because H F* : FK 3 :: EF : CD H F : FK :: .y/FF : 
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\/C D ; but, vel. at F : vel. at C : : H F : F K : : \/iE F : /C D ; 
tber. (Prop. V.) centrip. force at F : centrip. force at C : : EF X 
CL: DCxFM :: BC* : BP (Prop. XXII.) Q. E. D. 

Prop. XXIV. Fig. 21. 

■If a body revolve in an ellipse, and be acted upon by a cen- 
tripetal force tending to the focus of the ellipse, the centripetal 
force will be reciprocally as the square of the distance from the 
focus. 

Let a body revolve in the ellipse whose transverse axis is A B, 
and be acted upon by a centripetal force tending to. the focus D; 
produce DA, so that DF=A B ; -draw D G, D H, to any two 
points in the ellipse ; draw D K, D L, perpendicular to the tan- 
gents at G and H ; with the center D, and distances DG, DH, 
.describe the circles G M, H N ; draw MO, NP, perpendicular 
to A D, meeting the semicircle described upon . D F in O, P ; 
join D O meeting N P in Q. 

Suppose a body to descend or ascend in the line A D, and at 
tile point A to have acquired a velocity equal to the velocity 
which the body describing the ellipse has at the point A ; the 
velocities of the bodies at G and M wity be equal (Prop. XIII.) ; 
and likewise the velocities of the bodies at H and N will be 
equal : but (Prop XII.) vel. at H : vel. atG::DK:DL::NP 
: NQ. (Prop. XXI.) 

Ther. vel. at N : vel. at M : : N P : N G ; 

Ther. (Prop. XXIII.) centrip. force at N : centrip. force at M 
:: DM> : DN* :: DG* : DH*; because DG = DM, DH = 
D N, and GM, HN, circles ; the centrip. force at G is equal to 
the centrip. force at M ; and the centrip. force at H equal to the 
centrip. at N ; 

Ther. centrip. force at H : centrip. force at G : : D G s : D H s 

1 1 

DH* : DG*' 

Otherwise, Fig. 23. 

Let S be the focus of the ellipse, A B the greater axis, C the 
center, C D half the less axis ; suppose a body in indefinitely 
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little equal parts of time to describe A E, F G ; join S E, S F, 
S G ; draw E K perpendicular to A B, and G M perpendicular 
to S F ; let F P be a tangent at F ; draw G P parallel to SF ; 
join CF meeting the ellipse in H; and let GN, drawn parallel 
to F P, meet S F, C F, in N, O ; draw G Q parallel to F P meet* 
ing S F in V ; complete the parallelogram F C Q T ; and draw 
F R perpendicular to C Q. 

Because QV, GN are parallel, and the angles at M and R, 
right, the triangles F R V, G M N are similar ; ther. M G : G N 
: : RF : FV=C A (ellip. 25. cor.) : but (ellip. 31. cor. 2.) RFx 
CQ = CAxCD; ther. RF:CA:: CD : CQ :: MG : GN; 
but G N, G O may be considered as* equal, because F G is de- 
scribed in an indefinitely little part of time ; ther. M G 8 : G O 8 
: : C D 8 : C Q 8 : but (ellip. 16.) GO 8 : HOxOF : : CO 8 : CF 8 

MG 8 : HOxOF :: CD 8 : CF 8 ; but HOxOF, maybe 
considered equal to H F X F O ; ther. GM 1 : HFxFOnCD 8 : 
CF 8 ; but HFxFO:HFxFN::FO:FN::FC: FV(CA) 
::CP:CAxFC.-.GM 8 : HFxFN :: CD 8 : CAxCF; 

But HFxFN:ABxFN:: HF:AB::CF:CA::FCx 
C A : C A 8 ; 

Ther. GM 8 : ABxFN :: CD 8 :CA 8 :: EK ! : AKxKB 
(ellip. 3.) 

But B K x K A, may be considered equal to B A x A K ; 

Ther. GM 8 : ABxFN:: EK 8 : BAxAK; 

That is, GM 8 : EK 8 ::ABxFN : ABxAK :: FN : AK; 

But because A E, F G, are described in equal times the tri- 
angle SAE=SFG; that is, SAxEK=SFxGM; .-. GM 8 
: EK 8 :: SA» : SP; 

Ther. FN(GP) : AK :: SA 8 : SP; that is, GP : KA :: 
1 1 
S F 8 S A 8 " 

Therefore the centripetal force is reciprocally as the square of 
the distance from the focus. Q. E. D. 
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Prop. XXV. Fig. 24. 

If a body revolve in an ellipse, it is required to find the law of 
centripetal force tending to the center of the ellipse. 

Let A B be the greater axis, C the center, and C D half the 
lesser axis; and suppose a body in indefinitely little equal parts 
of time to describe AE, FG; join CF, C E, CG; draw E K 
perpendicular to A B, and G M perpendicular to C F ; let F P 
be a tangent at F ; draw G P parallel tg C F, and G N, C ft pa- 
rallel to FP; complete the parallelogram FCftT; draw FR 
perpendicular to C Q, and let C F meet the ellipse in H. 

Because the parts A E, F G. are iUscriWl in equal times, C A 
xEK=CFxGM, EK* : GM' :: CF* ;CA»; becauseGN 
is parallel to C ft, and the angles at M and R are right, the tri- 
angles G N M, F C R, are equiangular ; 

Ther. GM* :GN> :: FR ! : FC* .-. EK* : GN* : : FR 1 : 
CA 1 :: CD* : C ft* (ellip. 31. cor. 2.) ; but (ellip 16.) GN*: 
H N X N F : : C ft* : CP; 

Ther. EK*: HNxNF::CD*:CP.\ HNxNF :EK*:: 
CF - * : CD*: 

But (ellip. 3.) EK* :BKxKA:: CD* :CA*.-. HNxNF: 
BKxKA :: CP : CA*; 

But because AE, FG, are indefinitely little, we may consi- 
der HNxNF=H FxFN, and BKxKA=B AxAK; 

Ther. HFxFN:BAxAK::CF*:CA* ::CFxFN:: 
C AxAK; 

Ther. F N (G P) : A K : : C F : C A ; 

But G P : A K : : centrip. force at F : centrip. force at A : : 
C F : C A. 

Therefore the centripetal force tending to the center of the 
ellipse is as the distance from the center of the ellipse. ft.E. I. 

Prop. XXVI. Fig. 25. 

Let there be an ellipse whose transverse axis is AB ; in which 
let F be a given point ; suppose a body acted upon by a centri- 
petal force, tending to the point F, to describe the ellipse : it is 
required to determine the law of centripetal force tending to the 
point F. 
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Let C be the center of the ellipse, and E the focus ; and let 
C D be half the less axis ; let K L, AG, be described in indefi- 
nitely little equal parts of time ; join F K, C K, E K, and F L ; 
draw LP perpendicular to FK ; draw LM parallel to FK, meet- 
ing the tangent KMinM; draw L N parallel to K M, meeting 
F K, C K, in N, O ; draw C ft parallel to K M, meeting F K, EK, 
in ft, X ; and draw F Y parallel to C ft or K M ; let C K, C ft, 
meet the ellipse in T, R ; and draw KS perpendicular to C R, 
meeting F Y in Z ; draw H perpendicular to A B ; join’ F G ; 
and let C AxK Y=AFxF V. 

t 

Because L N, F Z, are parallel, and the angles at P and Z 
right ; the triangles L P N, F K Z, are similar ; ther. N L : L P 
: : FK : KZ N LxK Z=L PxFK; and because KL, AG, 
are described in equal times, ther. LPxFK=GHxF A=NL 
xKZ LN : GH :: AF : KZ :: AFxCR: KZxCR; but 
KZ : KY :: KS : KX(C A) :: CD : CR; 

Ther. KZxC R==CDxKY LN : G H :: AFxCR : CD 
xKY ; 

Ther. LN’sGH 1 :: APxCR’ : CD>xKY»; 

But GH 2 : BH x HA :: CD* :CA ! :: CD*xKY 3 : CA*X 
ICY*; 

Ther. LN* : BHxHA :: APxCR 3 : CA 3 xKY 3 =AFx 
F V 3 (hypoth.) ; 

Ther. LN 1 : BHxHA :: CR 3 : FV 3 ; 

But because KL is indefinitely little, we may consider LN= 
LO, ther. BHxHA: LO 3 :t FV 3 : CR 3 ; 

But LO> : TOxOK :: CR 3 :CK 3 .-. BHxHA :TOxOK 
: : FV 3 : CK 3 ; 

But because AG, K L, are indefinitely little, we may consider 
BHxHA=BAxAH, and T O x O K=T K x K O ; 

Ther. B Ax AH : TKxK O : : FV 3 : C K 3 ; 

But TKxKO:TKxKN :: KO :KN::KC:KQ::KC* 
: K ft X K C, ther. B Ax A H : TKxKN : : F V 3 : C KxKft; 

ButTKxKN : ABxKN ::CK:CA::CKxKft:CA 
xKft; 

Ther. BAX AH : ABxKN ::FV 3 :CAxKft; 
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Ther. AH : KN : : FV' : ACxKQ. 

Because C A x K Y=A F x F V .\ F V> : C A 2 :: K Y* : A F :: 
KY'XFK: APxFK; but C A» : C AxKQ : : AC :KQ : : 
KX:KQ::KY :KF : : K Y 3 : KY’xKF; ther. FV»:CA 
xKQ::KY 3 : APxFK; ther. AH : KN :: KY 1 : APx 
F K ; but because G H is parallel to the tangent at A, and L N 
parallel to the tangent at K; and AG, LK, are indefinitely 
little, and described in equal times. 

The centrip. force at A : centrip. force at K : : A H : K N : : 
KY 3 : APxKF. Q.E.D. 

Corollary. This proposition comprehends the two former 
ones ; for if the point F coincide with the focns E, the point Y 
will coincide with E; and KY 3 =KE 3 ; likewise APx KF=s 
AE’xKE .-. AH: KN::KE J : AE 5 xKE:: KE s : AE*; 
which agrees with Prop. XXIV. 

When F coincides with C, KY=KX=CA; 

AF=AC, andFK=CK; therefore 

AH : K N :: CA 3 :CA 2 xCK :: CA:CKj which agrees 
with Prop. XXV. 

Prop. XXVII. Fig. 26. 

If a body describe an hyperbola, it is required to find the law 
of centripetal force tending to the focus. 

Let S be the focus of the hyperbola, A B the transverse axis, 
C the center, and C D half the second axis ; let A E, F G, be 
described in indefinitely little equal parts of time ; join SE, SF, 
SG; draw E K perpendicular to S A, and G M perpendicular to 
S F ; let F P be a tangent at F ; draw G P parallel to S F ; join 
C F, which produce, so that C F=C H ; let G N, drawn parallel 
to F P, meet S F, C F, inX, O ; let C Q, the semi-diameter con- 
jugate to CF, meet SF in V; complete the parallelogram FC 
Q T ; and draw F R perpendicular to C Q. 

Because ftV, GN, are parallel, and the angles at R and M 
right ; the triangles F R V, GMN, will Re similar ; ther. G M : 
G N :: F R : F V=C A ; but the parallelogram FCQT=C ftx 
F'R=ACx.CD,.-.FR:CA::CD:CQ:: G M : GN; but 

w 
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because F G is described in an indefinitely little part of time, we 
may consider GN=GO; ther. GM« : GO> :: CD 8 : CQ«; 
but GO 1 : HOxOF:: CQ> :CF>; ther. GM‘ : HOxOF : : 
CD*:CF*; we may consider HOxOF=HFxOF; there- 
fore, GM»:HFxOF::CD>:CP; but HFxFO:HFX 
FN::FO:FN :: CF:FV(CA) ::CF:FCxCA; ther. 
GM ! : HFxFN :: CD*:FCxCA; butHFxFN : ABxFN 
: : HF : AB :: CF :CA :: CFxCA : CA‘; ther. GM 1 : 
A B x FN : : C D* : C A 5 : : E K* :BKxKA; but we may con- 
sider BKxKA = BA X AK; therefore, G M s : A B x F N : : 
EK’iBAxAK; that is, GM S : EK J : : FN : AK; but be- 
cause A E, F G, are described in equal times, S A x F, K=S F x 
GM; therefore GM ! :EK 5 ::SA>:SP::FN:AK::GP 
: AK; 

Hence the centrip. force at F : centrip. force at A : : G P : 
A K : : S A 8 : S P : : 5 therefore the centripetal force 

DP >5 A* 

is reciprocally as the square of the distance from the focus S. 
Q. E. I. 

Prop. XXVIII. Fig. 27. 

If a body describe a parabola, it is required to find the law of 
the centripetal force tending to the focus of the parabola. 

Let S be the focus of the parabola, A B the axis, and A the 
vertex; let AE, FG, be described in indefinitely little equal 
parts of time; join SE, SF, SG; draw EK perpendicular to 
SA, and GM perpendicular to SF; let F P, a tangent at F, 
meet S A in R; draw FC parallel to AB, and GP parallel to 
SF, and GN parallel toFP, meeting SF, FC, in N, O; and 
draw S Q. perpendicular to F R. 

Because G N, FQ, are parallel, and the angles at M and Q 
right ; the triangles GNM,SFQ, are similar ; ther. N G : G M 
: : S F : S Q ; because F G is described in an indefinitely little 
part of time, we may consider G N=G O ; ther. OG* :G M 5 : : 
SF 8 :SQ 8 ::SF a :SAxSF::SF:SA (Prop, of Parabola.) 

Again, because G O 8 = F O X (Parana, of C F) =tF O X 4 S F; 
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ther. 4xSFxF O : GM* :: SF : SA :: 4SF X FO : 4SA x 
FO; ther. GM* = 4SAxFO; but E K* = 4S Ax A K; ther. 
GM':EK‘::FO:AK; but because N O is parallel to F R, 
and F O parallel to S R, the triangles F N O, F S R, are similar ; 
ther. NF:FO::FS:SR; butSF = SR, ther. FN=FO 
GM’ : E K* : : F N : A K ; because AE, F G, are described in 
equal time's, therefore SAxEK = SFx GM .• . G M* : E K* : : 
SA*:SF::FN: AK; but because F N=G P ; SA*:SP:: 

G P : A K : : — — : — — ; therefore the centripetal force is reci- 
Sr* SA* 

procally as the square of the distance from the focus S. Q.E.I. 
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ADDENDA. 



COROLLARIES TO PROP. XLIV. OF THE 
ELLIPSE. 



Corollary 1. 

From hence it appears, that the conjugate diameter KW pro- 
duced, is the Ivcus of the centers of curvature of every degree 
that is perpendicular to, and bisected by, the meridian IKHW. 

Corollary 2. 

When the angle P X H=45°, then t— 1, and the secant = 

, 2 ■ C H* • C K „ 2v^ CH* CK» 

■v/2: we then have vs= „ r ■ , v P = 

CH + CK - (CH>+CK^ 
and the radius of curvature of a degree perpendicular to the 

a/2 • C H* * 

meridian in lat. 45° ^ • 

(CH*+CK>)* 

Corollary 3. 

When P coincides with K, the angle P X H = 90°, and both 
the tangent and secant become infinite in length. 



Then v s = 



CH'-CK' (inf.)* 



CH. 



v / (inf.) , CK a x v / (mt.) , 'CH s ' 

_ CH'-CK'- (inf.) 3 „ „ , . ,, . 

v P=r - = C K, and half the 

(inf.)* -CH'- A/(mf)‘ CK* 

C H* • inf. C H* 



latus-rectum of P Z = 



V'(inf)* • C K* ~ C K * 
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Corollary 4. 

I 

When P coincides with H, the angle P X H is nothing, its 
secant unity, and t=0 ; then 

T. - , P=J C H* — c H, 

ScW-VZ*? CK-VCH- 

C H* 

and half the latus-rectum of P Z = — ■ ■■ = CH. In this 

v C H* 

case the section P t Z s, evidently becomes a circle. 



Corollary 5. 

When the section I K H W is a circle, or C H = C K ; 
(l+l’)CH‘ 



Then v s = 



v/(l+t>) CH'X v/(l+t 2 ) C H* ‘ 



CH, 



?P = _JH±HI± f^_ = C H, and half the 
(l+t*)CH* ^(l+t’)CH ! 



latus-rectum of P Z = 



(l+t*) T - CH* 



v/(l+t')CH ! 



= CH. 



Propositiok A. 

The length of a degree perpendicular to a meridian, is greater 
than a corresponding meridional degree. 

By Prop. XLIV. of the Ellipse, the radius of curvature of a 
degree perpendicular to the meridian in any given latitude is 
CH* 

c(CH*-f t»-CK*) T 

And by Cor. 1. page 61, the radius of curvature of a meridional 



degree in any given latitude is 



C H* • C K* 



| c(CH*+t*-CK*)T | 



=P 0, 



f,» whence ^,. c T , • * + * ' 

±..ej£ +t .i +1 . 

c* CK* + + 
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Therefore, in any given latitude, the length of a degree per- 
pendicular to the meridian is greater than the length of a cor- 
responding meridional degree ; the lengths of the degrees being 

C H* 

as the radii of curvature and - — greater than unity. 

v IVr 



Corollary 1. 



pm r H* 

Since D' : D: : — ~ + t’ : 1 + t*, weget^-^: 

Hence the ratio of the axes are known. 



D+(D'— D)t* 
D 



D' representing the length of a degree perpendicular to the 
meridian, and D the length of a corresponding meridional 
degree. 

Corollary 2. 



A the equator, t=0, and D' : D : : : 1 : : C H* : C K*. 

Corollary 3. 



In lat 45°, t=l, and D' : D : 



CH ! 
C K* 



f 1:2. 



Corollary 4. 

At the poles, t = tang. 90°, and therefore infinitely long ; 
C H* 

then D' : D : : ^ + (inf.)* : 1 + (inf.)' : : (inf.)* : (inf.)* /. 
D' = D. 



Proposition B. 



Having the meridional degree, and also the degree perpendi- 
cular to the meridian in a given latitude, to find the earth’s 
axes, supposing it an ellipsoid. See Prop. XVI. page 66. 

* C K l C H 

By Cor. 1. Prop. A. we have - - - -g-g- = ^ - * (»)• 

C K 5 

And from Prop. IV. page 57 - - - = v D cos.* PfT ; 
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From whence CH=vD(l+mt il ) cos. 3 PfT (fig. page 65, T= 
T) / — D 

57-2957795, and — — = m). From equation (a) C H : 

V'C H a - C K s :: </l + ml* : ty'in, and per trigonometry 

V^i'+mT 3 : t»/m :: s : .. stv/m _ = s i n . PfT, therefore 
yl ■frat 1 

/l+m^\3_ cog , p fT ^ g _ sin . t = tang. EfH). By substi- 

l+mt n TT1 v* D*( 1 4-m s 3 ) 3 . „„ v*D*( 1 +m s 3 ) 3 

tution, CH' = , and C K _ (l+mt!)3 - 



FINIS. 




Printed by J. M'Creery. 
BlNk-Hone-Court, London. 
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Ff 


F,f 
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GH:CH 


C H : : CH 




Q F 2 


QF' 


9 


QE 1 


Q e 2 




Lemma L ■ 


Lemma 


4 


PdxCG— CW' 


PDxCG=CW- 


4 


CRCK 


CK 


9 


Cl 2 , El 2 — C G 2 -(-CI 2 — C E 2 - - 


C I 2 — C G’+C I'-CE : 


La 


sin. 2 El) P— PD 2 


siuJ ED PxPD 2 
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CL:CW::gm:gr 


last 
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Fr = 


12 


CFxcos. RFH 
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cor. 1 
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P is omitted 
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5 


tber. .......... 


then 


last 


Add to the last line 


(see Fig. to Prop. IV.) 


last 
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vel. at F : vel. at f 
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